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Abstract — We consider non-coherent MIMO fading
channels and characterize the reliability function in the low-
SNR regime as a function of the number of transmit and re-
ceive antennas. We assume no CSlI is available at the trans-
mitter or the receiver. For the case when the fading matrix H
has independent entries, we show that the number of trans-
mit antennas plays a key role in reducing the peakiness in
the input signal required to achieve the optimal error expo-
nent for a given communication rate. Further, by consider-
ing a correlated channel model, we show that the maximum
performance gain (in terms of the error exponent and com-
munication rate) is achieved when the entries of the channel
fading matrix are fully correlated.

|. INTRODUCTION

In this paper, we study multiple input and multiple output
(MIMO) antenna channels in the low-SNR regime. Specifically,
we compute the reliability function for such channels and also
characterize the signal peakiness required to achieve the max-
imum error exponent for a given communication rate. \We use
a block-fading model, which is widely used in the MIMO lit-
erature [6, 13], and assume that the fading matrix H remains
constant for a certain time period and then changes to an inde-
pendent value for the next time period. The length of this time
period is usually referred to as the coherence time of the chan-
nel. Letting M be the number of transmit antennas, N be the
number of receive antennas and 7, be the coherence time, the
channel we study in this paper is

Y =HX+W, 1)

where Y, W € CN*Te X € ¢M*Te and H € CV*M. Here
‘W is a proper complex Gaussian noise random matrix, which
has i.i.d. entries, i.e., w,: ~ CN(0,1), for1 < n < N and
1 <t < T,, where w,; denotes the (n,t)*" entry of W. We
also assume H has symmetric complex Gaussian entries such
that Ay, ~ CN(0,1),for 1l < m < Mand1 < n < N.
In other words, we consider Rayleigh fading MIMO channels
in this paper. At this point, we do not make any assumptions
regarding the correlation among the entries of H. Later, we will
consider two cases, one where the entries of H are independent
and the other where they are correlated.

Throughout this paper, we assume that neither the transmitter
nor the receiver has knowledge of the realization of the random
matrix H. However, we always assume the distribution of H is
known a priori at both the transmitter and the receiver. We will
study the reliability function of the channel (1) in the low-SNR
regime under the following standard average power constraint:

B[|IX|?] < pT, (2)

where ||X]| is the Frobenius norm [2] of the matrix X. A special
case of this model is the case when M = N = T, = 1, which
we will refer to as a SISO fast-fading channel.

The reliability function of a channel is defined as

_InP(N., R)
N.T.

where P.(N., R) is the minimum average probability of decod-
ing error for any block code with block length N. and coding
rate R, which satisfies the average power constraint (2). The
rate R is defined in nats per symbol and is equal to 1]{‘,]‘; , Where
M, denotes the size of the code book, and N, is the codeword
length measured in number of channel uses, where each channel
use consists of the transmission of 7, symbols.

It is well known that with multiple antennas at the receiver
and/or the transmitter, the channel performance can be im-
proved. The extent of this improvement is now well understood
in the high SNR regime. From a capacity point of view, when
the elements of H are i.i.d. and known at the receiver, we can
achieve a degree of freedom gain (or multiplexing gain) up to
min(M, N) [6]. From a probability of decoding error point of
view, we can achieve a diversity gain up to M N with space-time
coding at the input [5]. A recent work by Zheng and Tse [13]
illustrated the tradeoff between these two gains in the high-SNR
regime by showing the best degree of freedom gain and diver-
sity gain that can be achieved simultaneously. They also extend
this result to a non-coherent MIMO channel in a later work [14].
Roughly speaking, in an error-exponent theory framework, their
results characterize the following curve

E(rInp,p)
Inp

E(R,p) = lim
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where the degree of freedom gain r can be interpreted as the
normalized communication rate at high SNR and the diversity



gain d*(r) is nothing but the normalized reliability function at
rate r.

In the low-SNR regime, i.e., the average power constraint
p — 0, both the reliability function and the capacity approach 0
linearly in p. Thus, it is natural to define the normalized reliabil-
ity function in the low-SNR regime as follows:

E
Elp(’l") — lim (Tp,p)7

if the limit exists. (4)
p—0 p

Here the superscript stands for low power. For simplicity, from
now on, we will refer to £'7(r) as the low-SNR reliability func-
tion, and r as the low-SNR communication rate. However, it
should be clear that both quantities are normalized by p in the
low-SNR regime. It turns out that having multiple antennas in
the low-SNR regime, as compared to the SISO fast-fading chan-
nels (M = N = T. = 1), can provide two kinds of gains:
performance gain and peakiness gain. The performance gain is
defined as follows.

Definition 1 We say a MIMO block-fading channel has a per-
formance gain of L if

E(r) = LE"(}),

where E'P denotes the reliability function for a SISO fast-fading
channel. o

Note that the performance gain as defined above provides simul-
taneous gains in both the error exponent and the rate. In other
words, a performance gain of L indicates that the transmission
rate has increased by a factor of L and the error exponent has
increased by a factor of L as compared to a SISO channel.

In the low-SNR regime, it is well known that a “peaky” sig-
naling scheme is required to achieve capacity [7, 3, 4, 10], in
the sense that, as the average power goes to zero, the optimal
signaling scheme is to keep silent most of the time and use sym-
bols of very large amplitude (going to infinity as we approach
capacity) when transmitting. In this paper, we will show that a
similar scheme is required to achieve the optimal decoding error
probability at an arbitrary communication rate between 0 and
capacity and we define a quantity 7(r), which we call the min-
imum signal peakiness, to denote how peaky the signaling has
to be to achieve the optimal decoding error probability at rate
r. (We will precisely define this quantity in Section 111.) The
peakiness gain is defined as follows.

Definition 2 We say a MIMO block-fading channel, which has
a performance gain of L, has a peakiness gain of G if the min-
imum signaling peakiness 7(r) required to achieve the optimal
decoding error probability at communication rate r satisfies

where 7(r) denotes the minimum signal peakiness at rate r for
a SISO fast-fading channel.

The performance gain tells us how much we can improve the
channel performance (both the capacity and the reliability func-
tion) by using multiple antennas. On the other hand, since sig-
nals with very large amplitudes are undesirable in practice, the
peakiness gain quantifies the effect of using multiple antennas
in reducing the peakiness necessary to achieve a certain perfor-
mance level.

Il. PRELIMINARIES

In this section, we present a theorem characterizing the low
SNR reliability function for an arbitrary memoryless channel by
extending the results in [1] to allow less restrictive input distri-
butions. This theorem will be used extensively in the rest of the
paper.

We consider a general discrete-time memoryless channel
with an arbitrary input alphabet A, and its output determined
by the transition probability function f(y|x). Further, we have
a cost function b : A — R associated with each input symbol
x € A, and assume that the input to the channel is constrained
by the following average cost constraint

E[b(z)] < p. (5)

Next we specify the additional constraint on the input distri-
butions besides the average power constraint. Throughout this
paper, we only consider input distributions with a discrete and
finite alphabet. Specifically, at a SNR lever p, we constrain the
input distributions to be in the following set

Definition 3 Define D(p) = {q(x) Eb(z)] =
p; support of q(x) is an arbitrary finite set of discrete points in A}.

Under this constraint on the input distribution, our goal in
this section is to find the low-SNR reliability function E?(r) of
this channel model, as defined by (4), by borrowing tools from
both [1] and [9]. For simplicity, in this paper, we assume that a
unique zero-cost symbol always exists in the input alphabet, i.e.,
Jdx € A satisfying b(x) = 0. Without loss of generality, we let 0
be the zero-cost symbol and define A’ = A\{0}.

Our main theorem in this section is a generalization of Gal-
lager’s result in [1] and is stated below.

Theorem 1 The low-SNR reliability function E'?(r) satisfies
EP(r) < E'(r) < min(ED(r), E(r)). (6)

Here E'b and E!? are defined as the following

EP(r) = sup —pr+ E,(p); )
0<p<1

E'(r) = sup—pr+ E,(p), (8)
p20

and E,(p) is characterized by the following equation

E,(p) = sup —(L+p)In [ f(y[0) 7 f(ylz) T+ dy
e b(x)
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The low-SNR straight-line bound E'?(r) is the smallest linear
function of r which touches Ei’;(r) and satisfies

E®(0) = sup E, [— In [ f(ylz1)2 fylzs) 2 dy

+0 = AT - 0

and the sup is over all possible probability distributions with a
discrete and finite alphabet set. Further, if

E'(0) < E,(1), (11)

then E'?(r) = E'?(r) for all rates.

Proof: All proofs are omitted in this version of the paper. o

Remarks: The low-SNR bounds here have similar forms as
the bounds in [1]. However, in this paper, we are allowing the in-
put distribution to use symbols as a function of p, instead of fix-
ing them. Surprisingly, the only difference in our results as com-
pared to Gallager’s results is that in the expression of E,(p) (9),
we have a sup over all possible non-zero input symbols rather
than a max over the non-zero alphabet as in [1].

I11. INDEPENDENT MIMO FADING CHANNELS

In this section, we will assume that the entries of H are in-
dependent and apply Theorem 1 to find the low-SNR reliability
function for the MIMO fading channel (1). Further, we will
characterize the asymptotic optimal signaling schemes which
minimizes the average probability of decoding error for a cer-
tain communication rate.

A. Low-SNR reliability function

Since we assume that H has i.i.d. entries, given an in-
put matrix X, the row vectors of the output matrix Y are in-
dependent of each other. Denote Y7 = (yi,y5, -, y%);
HT = (hQ, h2, cee ,hN) and WT = (Wl,Wg, cee ,WN). The
covariance matrix of y! = h7X + w7 is

% = Elyy]]=1+X'X

Then, the channel transition probability density function
f(Y|X) is as follows
A 1
_ -+t ot tx) 1y,

i=1
Applying Theorem 1 here, we have the following result.

Theorem 2 For the MIMO model (1) with M transmit antennas
and N receive antennas and independent fading matrix H, the
low-SNR reliability function is given by

E™(r)= sup —pr+ E,(p), (12)
0<p<1
where E,(p) is defined as follows
~ 1 14+ L2
Eo(p) = N(1+p)sup ~In —L (13)

z>0 & (1+x)ﬁ.

Remarks: Consider the SISO fast fading model where M =
N = T, = 1. The reliability function curve corresponding to
this model is

l 1 1ti5e
E"(r)= sup —pr+ (1+p)sup —In ———2—. (14)
0<p<1 2>0% (14 z)T+
Let 7(r) be the optimizing x in (14), i.e.,
1 1+ L2
7(r) = argmax sup —pr+ (14 p)—In (71+Z_). (15)
x>0 0<p<1 x ( -+ x) i+p

7(r) establishes a direct relation between rate and how large
the non-zero symbol has to be for an on-off signaling scheme to
achieve the optimal reliability function at rate r. As we will show
in the next section, for any signaling scheme, including on-off
signaling, it is a necessary condition that a symbol with energy
of 7(r) be used for a signaling scheme to be able to achieve the
optimal channel performance at rate r. Thus, 7(r) indicates the
minimum signal peakiness for the SISO channel at rate 7.

For the more general MIMO block-fading model, our result
here tells us

1. Having a longer channel coherence time 7, does not im-
prove the decoding error probability. This is a bit surpris-
ing since one would expect that making 7. large may give
us more time to estimate the channel and thus help im-
prove the non-coherent channel performance. However,
our result shows otherwise.

2. Having more than one input antenna does not improve the
channel performance.

3. The performance gain, as defined in Definition 1, for a
MIMO fading channel is N, which is the number of re-
ceive antennas.

B. Optimal signaling schemes in the low-SNR regime
In this section we study the conditions for an input distribu-
tion to be optimal in the low-SNR regime.

Definition 4 A sequence of input distributions {g,(X) € D(p)}
is called first-order optimal with respect to a communication
rate r if it satisfies

lim £ (1P, ap, D)

= Elp * s
Jim =2 (7

(16)
where E(R, ¢, p) is the reliability function of the channel when
the input distribution is chosen to be g,. o

In the above definition, to be consistent with prior literature, we
use the term first-order optimal to indicate optimality in the limit
SNR — 01[10, 11, 12].

From the proof of Theorem 2, it immediately follows that the
on-off signaling scheme given below is first-order optimal:



Corollary 1 A sufficient condition for an on-off signaling
scheme
pT,

_ c .
wp- 1= i

0
X = T,
{ Xo wp. x. 2

to be first-order optimal with respect to a transmission rate r
is that the non-zero eigenvalues of X, X! are all equal to (r),
where k(r) = 7(%)- o

(17

For the SISO fast-fading model where M = N =T, = 1,
a first-order optimal signaling scheme is simply to choose the
input symbol to be 0 or m(r)%. However, the peak-to-average
ratio of the on-off signaling scheme goes to infinity as the mean
power goes to 0. A natural question to ask here is the following:
can we find less “peaky” signaling schemes which are also first-
order optimal, by considering other signaling schemes other
than on-off signaling? It turns out that only signaling schemes
in the following category can be first-order optimal.

Definition 5 A sequence of input distributions {¢, } defined on
the input matrix X € C™*7- js said to be a general flash sig-
naling scheme with peak constraint K if it satisfies the average
power constraint

Ex|[|[X|]*] = pT.,

andforanye >0andanyl=1,2,.---, 7T,

Fx NI o
taing 2X x>0

= O’
p—0 p

(18)

where {\1, \a,- -+, \;} are the eigenvalues of the input matrix
XtX and I 4 denotes the indicator function of the event A.

Remarks: This condition (18) can be interpreted as follows: al-
most all probability mass is assigned to those input matrices X
such that the eigenvalues of XX are either 0, or in an arbitrar-
ily small neighborhood of a constant K. Now consider the case
when T, = 1, the input matrix X is simply a vector and there-
fore the only eigenvalue of XX is || X||2. When K = x(r),
(18) becomes

E X|*1 2 _k(r)|>e
tiing ZX X Tz sy 2e1]
p—0 P

= 0. (19)

As r approaches capacity, «(r) goes to infinity. Then this def-
inition is equivalent to the definition of the flash signaling in
[10]. Thus, the signaling scheme defined in (18) is essentially
a generalized flash signaling scheme. The next lemma shows
that a general flash signaling scheme with peak constraint ()
is necessary to achieve the best reliability function at rate r.

Lemma 1 A necessary condition for a sequence of input distri-
butions {¢, € D(p)} to be first-order optimal with respect to
a coding rate r is that {g, } is a general flash-signaling scheme
with peak constraint x(r). o

The necessary condition (18) gives us a constraint on the
eigenvalues of XX for a signaling scheme to be first-order
optimal. However, usually it is not that convenient to look at
the eigenvalues and try to make these eigenvalues satisfy certain
peakiness conditions. For this purpose, we define the follow-
ing quantity, which indicates the level of peakiness we need at
the entries of the input matrix X, rather than the eigenvalues of
XX, to achieve the optimal decoding error performance for a
certain rate r. Let F;(r) be the set of sequences of first-order
optimal distributions with respect to rate .

Definition 6 We define 7(r) to be the minimum signal peak-
iness for a communication rate » on the MIMO block-fading
channel (1):

limsup sup [X||%,
p—0 XeA,

T(r) = inf 20
( ) {ap}YEF1(r) ( )
where A, is the alphabet for the input distribution g, and || X|| o
is the I, norm of matrix X. o

From a practical point of view, it is unreasonable to allow in-
put signals with arbitrarily large peakiness. Thus, 7(r) is an
important parameter which shows how difficult in practice it is
to achieve the best performance at rate . There is a rather sim-
ple relation between 7(r) and x(r), which is presented in the
following theorem.

Theorem 3 For a MIMO block-fading channel (1), the mini-
mum signal peakiness to achieve the optimum decoding error
probability at coding rate r is

T(r) = ~(r) = ()
MT. MT.

(21)

Thus, the peakiness gain achieved by the MIMO block-fading
channel is MT..

This theorem tells us that the role of having more than one
transmit antenna in the low-SNR regime is to reduce the mini-
mum signal peakiness we need to achieve the optimal reliability
function. Further, it can be shown that for a fading channel with
both average and peak power constraint, having multiple trans-
mit antennas can actually improve the channel performance, in
terms of both capacity and reliability function.

IV. CORRELATED MIMO FADING CHANNELS

In the last section, we studied the MIMO channel model (1)
with the assumption that each entry of the fading matrix H is
an i.i.d. complex Gaussian random variable. In this section,
we assume H to be a proper complex Gaussian random matrix
with an arbitrary correlation matrix. Specifically, we assume
that each entry of H is a symmetric complex Gaussian random
variable CN (0, 1) and we allow an arbitrary correlation between
any two entries of H. This correlation is usually referred to as
the spatial correlation.



For general Gaussian random matrix H, we cannot always
get a closed-form expression for the reliability function as in the
capacity case [10]. However, we can get an upper bound on the
reliability function.

Theorem 4 For the non-coherent MIMO model (1) with a gen-
eral fading matrix H, we have

E'"(r)= sup —pr + Eo(p),
0<p<1

(22)

where E,(p) is upper bounded by

. 1 1+
Eo(p) < G(1+ p)sup —In
>0 T

1+p

(1+x) =

and G is the maximum channel gain [10] and is defined as

Bl HX|?]
X112

(23)

G = su
X#£0

= A\pnaz (B [HTH]).

Here \,... (A) denotes the largest eigenvalue of matrix A. o

The inequality in (23) can not always be achieved as equality.
For example, when M = 1 and N > 1, it can be shown that
we can not achieve equality in (23). On the other hand, for the
opposite extreme case when N = 1, we can check that the upper
bound in (23) can be achieved.

Now we study the quantity \,,q. (F[HTH]). We claim

Amae(Pa[HTH]) > N, (24)

which is the channel gain under independently faded matrix H.
To see this, consider

> -

Thus for any fading matrix H, (24) must be true, which means
the reliability function for a correlated H may be larger than
(12). Especially for the case when N = 1, we can show that
any fading matrix H will do better than the independent fading
case. The independent fading channel model is widely studied
because it can provide better diversity gain and degree of free-
dom gain in the high SNR regime, as compared with the corre-
lated fading matrix. To get approximately independent fading
paths, we have to put the antennas physically far apart (more
than half the transmission wavelength), which limits the possi-
bility of having multiple antennas on small communication de-
vices. However, in the low-SNR regime, the diversity gain and
degree of freedom gain are not more important that the power
gain. Thus, in this regime, the design goal of utilizing the
MIMO system has changed and it is might not be a good idea to
make the fading paths independent at all.

Next we assume that we have control over the fading matrix
H and explore the best fading matrix H in the sense that we
can obtain the best reliability function under this fading matrix.
Specifically, we need to maximize the reliability function (22)
over H under the constraint that H is complex Gaussian and
each entry has variance 1.

Tr(Ea[HH]) = MN < MApa..

Theorem 5 A fully correlated fading channel matrix H (h;; =
h; Vi, ) provides the maximum performance gain and the reli-
ability function for this fading model is

E®(r) = sup —pr+ E,(p), (25)
0<p<1
where E,(p) is upper bounded by
B 14+ L _r
Eo(p) = MN(1 + p)sup = In — 1+ (26)

>0 T (1+x)ﬁ .

Next, we find the minimum signal peakiness 7(r) for this
fully correlated MIMO channel. With the input matrix we con-

structed in the proof of Theorem 5, it is straightforward to have
the following theorem:

Corollary 2 For the fully correlated MIMO channel, the mini-
mum signaling peakiness is

_ (uw)

T(r) = AENT.
In other words, when we have a fully correlated MIMO fad-
ing channel, we can achieve a performance gain of M N and a
peakiness gain of M2NT,, as compared to a SISO fast-fading
channel. o

(27)

It is not necessary to require that H has identical entries in
order to achieve the optimal performance gain in a MIMO chan-
nel. Next we consider the case that any two entries of H differ
by a phase shift:

Elhpmhs, ] = e/mnim’, o8

forany n,n’ =1,2,---,Nand m,m’ = 1,2,---, M. Further,
we assume the correlation between any pair of transmitter and
receive antenna is the product of the transmit correlation and
receiver correlation, i.e.,

Elhumh,,/] = BT,

where R” = {R! .} and R = {R’ .} are the transmit cor-
relation matrix and the receive correlation matrix, respectively.
In our case, where the only difference between any two entries
of H is a phase shift as in (28), it is easy to see that this is only
possible when all entries of R” or R have magnitude 1. De-
note u = (1,e/%2,.-. /M)l and v = (1,e/v2, ... o),
Assume R? = uuf and R” = vv'. Physically, this form of cor-
relation matrix means that the phase shift between the m-th and
m/-th transmit antenna is u,,, — u,,- and the phase shift between
the n-th and n’-th receive antenna is v, — v, (u1 = v1 = 0).
Thus,

/Rf'

nn’»

Elhnmhi, (29)

Let H,, denote the fading matrix with identical entries, as the
one we assumed in Theorem 5. The correlated fading matrix
with correlation (29) can then be written as

H=VH,U,
where U = diag(u) and V = diag(v).

| = eI (Um =W +0n =)

(30)



Corollary 3 For a MIMO fading channel with fading matrix H
satisfying (30), we can also achieve a performance gain of M N
and peakiness gain M2NT..

Using an angular domain representation [8] of the MIMO
multipath fading channels, we can establish physical conditions
on the transmit and receive antenna array sizes for H to have
entries which are identical or differ by a phase shift. We refer
the reader to discussions in the full version of this paper to check
these conditions.

Theorem 5, Corollary 2 and Corollary 3 tell us the potential
performance gain and peakiness gain we can have with MIMO
channels in the low-SNR regime, if the entries of the fading ma-
trix H are fully correlated. The first observation here is that
it is important to make the fading correlated in the low-SNR
regime. We can potentially have a reliability function which is
M times better than the result with independent fading matrix.
For this model, both the low-SNR capacity and reliability func-
tion increases in proportion to the product of the number of the
transmit antennas and the receive antennas. Further, the mini-
mum signal peakiness reduces by a factor of ﬁ as compared
to the independent fading case, which makes it much easier to
achieve the reliability function. Thus, in the low-SNR regime
with multiple antennas, we should try to make the channel fad-
ing more correlated, (for example, by putting the antennas close
to each other physically) to fully utilize the advantage of having
multiple antennas.

Another observation here is that multiple transmit antennas
can be beneficial. For the independent fading case, we have
shown that multiple receive antennas give us a performance gain
while multiple transmit antennas only provide a peakiness gain.
However, with fully correlated fading, we proved that multiple
transmit antennas contribute a peakiness gain of M2 and a per-
formance gain of M, while multiple receive antennas give us a
performance gain of NV and a peakiness gain of N. Thus, trans-
mit antennas are very important for low-SNR communications.

V. CONCLUSIONS

In this paper, we investigated the tradeoff between communi-
cation rate and average probability of decoding error for a non-
coherent multiple-antenna fading channel in a low-SNR regime,
using the framework of error-exponent theory. We started with
the assumption that the fading matrix H has i.i.d. entries. In
this regime, we showed that using M transmit antennas and N
receive antennas allow us to realized a performance gain of N
and peakiness gain M. Further, if the channel is constant every
T, symbols, we can see a further peakiness gain of T... However,
neither increasing M or T, can improve the asymptotic commu-
nication rate or the reliability function of the channel. Further,
when both the average and peak power are constrained, having
larger M or T, can improve both the channel capacity and the
low-SNR reliability function.

In the low-SNR regime, channel correlation can actually im-
prove the channel performance. In the extreme case where the

fading is fully correlated, in the sense that the entries of the fad-
ing matrix H are either identical or differ by a phase shift, we
can achieve a performance gain of M N and a peakiness gain
of M2NT,. Thus, the advantage of having multiple antennas is
best realized when we have fully correlated fading channels.
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