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Abstract — We determine the entropy rate of pat-
terns of i.i.d. strings and show that they satisfy an
asymptotic equipartition property.

I. INTRODUCTION

Most universal-compression applications involve sources, such
as text, speech, or image, whose alphabets are very large, pos-
sibly even infinite. Yet as observed already by Davisson [1],
as the alphabet size increases to infinity, so does the redun-
dancy, the number of bits over the entropy, required because
the distribution is not known in advance. In analyzing this
phenomenon, Kieffer [2] showed that even i.i.d. distributions
over infinite alphabets entail an infinite per-symbol redun-
dancy and established a necessary and sufficient condition for
a collection of sources to have a diminishing per-symbol re-
dundancy.

Two approaches have addressed the large redundancy as-
sociated with large alphabets. One line of work [3]-[5] follows
Elias [6] and considers compression of collections that satisfy
Kieffer’s condition. Results in this genre typically describe
universal algorithms for such collections or find bounds on
their redundancy. The most recent results [7] show that all
collections satisfying Kieffer’s condition can be compressed
with diminishing per-symbol redundancy using grammar-
based codes.

A second direction [8, 9] separates the description of strings
over large alphabets into two parts: description of the symbols
appearing in the string, and of their pattern, the order in which
the symbols appear. For example, in text compression, this
approach separates the description of the order of the words
from the specification of each word’s binary representation.

Results along this line show [10, 11] that patterns of strings
generated by i.i.d. distributions over any alphabet, even infi-
nite or unknown, can be compressed with diminishing per-
symbol redundancy. These results have also been used [12] to
derive asymptotically-optimal solutions for the Good-Turing
probability estimation problem. Related average case results
have subsequently been proven [13].

It is therefore natural to consider the entropy of patterns,
the number of bits needed to compress them when the under-
lying distribution is known. Shamir and Song [14], bounded
the entropy of patterns of i.i.d. sequences in terms of the
source entropy and alphabet size.

In this paper we determine the entropy rate of patterns of
i.7.d. distributions and show that they satisfy an asymptotic
equipartition property.

In Section III we prove that for discrete distributions the
entropy rate of patterns equals that of the distribution, and
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that for distributions with continuous probability ¢, defined
in the next section, the entropy rate of patterns equals that
of a modified distribution where the continuous probability is
assigned to a new discrete element. One implication of these
results is that for discrete distributions the conditional entropy
rate of the sequence when its pattern is known is zero.

In Section IV we strengthen these results and show
that patterns satisfy an asymptotic equipartition property.
Namely, that for any source with pattern entropy rate H, as
the blocklength n increases to infinity, random patterns have
probability close to 27"H .

In this abstract we address only distributions with finite
entropy. The corresponding infinite-entropy results will be
proven in the complete version of the paper.

II. DEFINITIONS

Let T = 27 = z1,...,xn, € A" be a sequence of elements.
The indezx 1(z) of x is one more than the number of distinct
symbols preceding x’s first appearance in T. The pattern of T

is the concatenation

U(F) Y 1w (a1)z(22) . . 1(20),
of all indices. For example, if T = “abracadabra”, 1z(a) = 1,
1z(b) = 2, 1z(r) = 3, 1z(c) =4, and 1z(d) = 5, hence

U (abracadabra) = 12314151231.

We let U™ denote the collection of length-n patterns.
For example, ¥' = {1}, U2 = {11,12}, and T3 =
{111,112,121,122,123}.

A distribution can be discrete, defined by a probability
mass function, continuous, defined by a probability density
function, or mized, consisting of discrete and continuous parts.
We allow for all three types of distributions and let ¢ denote
the total continuous probability. For example, in the mixed
distribution where the value a occurs with probability 1/3
and with the remaining 2/3 probability a random value in the
interval [0, 1] occurs, say uniformly, the continuous probability
is ¢ =2/3.

Every distribution p induces a distribution over patterns
where

o def -
p(¥) = p({7: ¥(7) = ¢}),

is the probability that a string generated according to p has

pattern . For example, the i.i.d. distribution over {a,b}

where p(a) = o and p(b) = @ induces on ¥? the distribution

p(11) = p({aa, bb}) = o® + a7,
p(12) = p({ab, ba}) = 20,



whereas the mixed distribution described above induces
p(11) = p({aa}) = 1/9 and p(12) = p({oy : @ # y}) = 8/9.

We denote a random n-symbol pattern by ¥q,... ,¥,. Its
entropy is

W)= 3 p(#)log —

H(Ty, ...
Jewn p(¥)

and its entropy rate is the asymptotic per-symbol entropy

Hy = lim LH(W,, ...

n—oo M

7‘1171)

III. THE ENTROPY RATE OF PATTERNS

We determine the entropy rate of patterns of sequences gener-
ated by i.i.d. distributions. We show that for discrete distribu-
tions it equals the entropy rate of the underlying distribution,
and that for distributions with continuous probability ¢, it
equals that of a modified distribution where the continuous
probability is assigned to a new discrete element.

1. Discrete distributions

It is easy to show that when the alphabet A is finite the en-
tropy rates of sequences and their patterns coincide. Since the
pattern is determined by the sequence and can derive from at
most |A|! sequences,

H(X1,... . Xn)—log(JA]) < H(Uy,... . 0,) < H(Xy,... . Xn).
Hence
.1 .1
lim —H(¥y,...,0,) = lim —H(X1,...,Xn) = H(X)
n—oo N, n—oo M

When the alphabet is infinite, more needs to be proven.
Ceséaro’s mean theorem states that if a sequence ai,asq,...
tends to a limit then b,, def % >, a; tends to the same limit.
Entropy rates are therefore often, e.g., [15], evaluated via the
conditional entropies:

lim LH(X,...

n—oo N,

X)) = lim H(X,|Xy,...

n—oo

7Xn—1)

assuming that the latter limit exists. We will use Cesaro’s

theorem after proving the next three lemmas.
Let p be a discrete distribution over an alphabet A. The
entropy of a set A C A is

Hy = Zp(a) log 1%.
acA

Clearly,
0<Ha<H.

For 0 <~ <1, let
Hy = inf {Ha : p(A) > 117},

be the lowest entropy of sets whose missing mass is at most ~.

Lemma 1.  For every discrete distribution p,

lim H, = H.
Y50

Proof If the alphabet A is finite, the result follows easily.
When A = {a1,as, ...} is countably infinite, assume without
loss of generality that p(ai1) > p(a2) > .... Let N(v) be the
largest integer ¢ such that p; > v, and let
A'Y = {al, agz, ... 7aN('y)}

be the set of all letters with probability > ~.

If a set A C A has probability > 1—+, then it must contain
all elements whose probability is > ~, hence A, C A. It
follows that

N(v)

1
a;)lo <H,<H.

Clearly, as v — 0, N(y) — oo, hence
N(v) 1 N(v) 1
lim a;)log —— = lim ai)log —— = H,
lim ; plas)log oo = | lim ; plas)log s

and the lemma follows. O

Let v, be the event that X,, is “new”, namely

Xn # X, i=1,2,....n—1
Lemma 2. For all discrete distributions p,
H
n) < .
plvn) < logn

Proof The lemma clearly holds when the entropy is infinite.
Otherwise,

plm) = > (1= p(x))"p(x)

z€A

1 1
log 1 Z p(z)log m

z€A
H

logn’

IN

where the inequality follows by expanding log x using the Tay-
lor series in 1 — x,

—Inz > E (%2(1—17)" >(1—2z)"lnn. O
i=1

"1
=X

i=1

,Zn} be the
set of elements appearing in the string, and let its missing

For a string T = z1...xp, let A(ZT) = {z1,...

mass be
(@) =1-p(A@))

be the probability of elements that do not appear in . The
following lemma shows that as the blocklength increases, with
high probability, the missing mass decreases to 0.



Lemma 3.
for n > 1,

For any discrete distribution with entropy H,

H <
loglogn } -

Proof The lemma holds for distributions with infinite en-

loglogn
logn

p{fy(X17 ce X)) >

tropy. For finite entropy,

H
~ logn

]E]’}/()(l7 N

B
KD
Il
¥
A

I

where E denotes expectation, and the inequality follows
from the last lemma. The current lemma then follows from
Markov’s inequality. a

We now prove that the pattern entropy rate is H.

Theorem 4.  For all discrete distributions,

Hy = H.
Proof Since Xi,...,X, determine ¥q,... ¥,
1 1
—H(¥4q,...,9,) < —H(X1,...,X,)=H, (1)
n n
hence
Hy < H.
We now prove that
. 1
lim EH(\IH,..‘,\II,L)ZH, (2)
and the theorem will follow. Let
A, = —
{m (@) = loglogn}

be the set of length-n strings whose missing mass is at most

H  aet
loglogn
Then
H(\Pnlqlh .. 7\Ijn71) Z H(\IJ'rLley v 7Xn71)
> p(@)H (Vn|T)
TEA,
> p@ > plr)log —

TCAn z€A(T) ( )

EDWE
€An

(b)(
> | 1=

where (a) follows from Lemma 2, and (b) from Lemma 3. By

loglogn
logn e

Lemma 1 and a slight variation of Cesdro’s Theorem,
1 1 <& loglogt
—H(Vq,... ) > — H., — H,
n (T, 0 n;( logz) i

implying (2). O

2. Mized distributions

We show that the entropy of patterns rate equals that of the
underlying distribution where the continuous probability is
assigned to a new discrete element. More precisely, let p be
a mixed distribution with continuous probability g. Define p’
to be the discrete distribution obtained from p by omitting
the continuous part, and adding a single discrete element of
probability q. We show that

Hy = H(p') = h(g) + (1 — ) = H,

where H be the entropy of the distribution obtained by con-
sidering only the discrete probabilities in p, each normalized
by 1 —gq.

Let fl(f) be the collection of discrete elements in the sup-

port of p that appear in the string T = z1,...,xn, let
. p(A(T))
= 1 _—
7(@) -4

be the normalized probability of discrete elements not in T,
and let

[z|
Z 1(z; € AT
i=1

be the number of elements in T from the discrete support.

Lemma 5. p{7:7(Z) < @} <e” o
Proof The lemma follows by observing that En(z) = n(1 —
q), and using Chernoff bound, e.g., [16]. O
Lemma 6.
H log log i(T
plA(X0, . X)) > ___| loslogn(@)
log log 1u(T) log 7(T)

We now derive the entropy rate.

Theorem 7.  For all distributions,

Hy=H'.

Proof As in Lemma 4, we first show that the pattern en-
tropy rate is at most H. Let X; be X; if X; € A(Z) and the

new discrete value d otherwise. Since X7,...,X] also deter-

mine ¥y, ... ¥,
1 1 ’ N rpt
_H(\IJ177\IITL) < _H(X177Xn) _H7
n n
hence
Ho < H'.

The lower bound follows in a similar fashion to Theorem 4.
Let
n(l—gq)
3 .

be the set of length-n strings in which the mass of the missing

discrete elements is at most

(1-q)

H def (
log(logn +log(1 —¢q) — 1)

1—q)en



Then,

H(W, | W, W 1)
> H(V, |X1,... Xn_1)
> Y p@H(al7)
1 . 1
T z)log —— A(@)¢) log ———
ZTEZA:WP( )(xgi%m)p( ) 8 2] +p(A@)°) gp(A(f)c))

> Y 0@ (1= ), + (- @)lox -

TEA,
- 1
A(z)°¢ -
p(A(@) >10gp(A(f)c))
—>HJ7

where the limit follows because Lemmas 5, 6, and the union
bound imply

Lemma 1 implies
H., — H,
and
p(A(@)°) log ;> — qlog =
p(A(@)°) q

As in Theorem 4, %H(\Ill, e
sequences whose limit is H’, and the result follows. O

,U,,) is sandwiched between two

IV. ASYMPTOTIC EQUIPARTITION PROPERTY

Shannon [17] showed that strings generated by i.i.d. distribu-
tions over finite alphabets satisfy an asymptotic equipartition
property. Chung [18] generalized this result to infinite alpha-
bets.
strings, specifically, that for any § > 0, as n — oo,
1
g —— —

1 1
p{— lo, Elog—_'26}—>0
ni " p(Y) p(¥)
The proof uses profiles of patterns, which we define next.
The multiplicity of ¢ € Z* in a pattern ¥ is

1/12 :’(/)}L

the number of times 1 appears in vb. The prevalence of a

We prove an equivalent property for patterns of such

L <i< [l

multiplicity 4 € N in 1 is
def
ou = Y e =,
the number of symbols appearing j times in . The profile of
P is
7901>

the vector of prevalences of p in ¢ for 1 < u < [|¢|.

__ def

For
example, the pattern ¢ = 12131 has multiplicities ui1 = 3,
p2 = pu3 = 1, and py = 0 for all other v € Z*. Hence its
prevalences are 1 =2, p2 =0, 93 =1, ps = @5 = 0, and its
profile is ¢(v) = (0,0,1,0,2).

If p is an i.i.d. distribution, then all patterns ¢ € U™ with
profile B, have the same probability, namely,

(@) = R

where
n!

HM P!
is the number of patterns with profile . Therefore

N(@) =

log +log N ().

1 1 1
— = 10g —/—
p(¥) (@)

We use McDiarmid’s bound to show that log N () concen-
trates around its mean.

Lemma 8.  [McDiarmid [19]] Let Xi,...,X, be indepen-
dent random variables and let the function f(z1,...,zn) be
such that any change in a single x; changes f(z1,...,zn) by
at most 7. Then,
nln %

e |f( X, . . Xn) —Ef(Xq,...,X0)| >n 5 <é6. O

Corollary 9. For all a > 0,
p{|10gN( )—Elog N(® )|>3n 3 logn} gy

Proof Let f(z1,...,2n) = log N(9).
change log [ ¢! by at most 2logn, and log H w!?* by at most
logn. The lemma follows by setting § =

A change in z; can

2na in Lemma 8.
O

We now show that with high probability, profile code-
lengths deviate from their expectation by at most roughly

n's log n.
1ta
n 2 logn}

Lemma 10.

For all a > 0,
p{ —Elog]ﬁ > (ﬂ\/glog e>
()
B exp (77\/7 2 log n)

Proof Let p(n) be the number of profiles of length n pat-

log

.
p(®)

terns. We bound the expectation of profile codelengths as

Elog (180) <logp(n) < (w@log e) vn.

The first inequality follows from Jensen’s inequality, while the

follows,

second follows as p(n) can be shown [11] to be the number of
integer partitions of n, which has been computed in [20]. Let

= (W\/glog e) n' s logn. It follows that

>/

1
p(@) ~

oz

log > =log

1 1
zﬁ‘wm\

hence

d

log log L_‘ > E} <
p(®)

@)

L
p(®)

<

w|w A

exp (



where the last inequality follows as the probability of a profile
with codelength > ¢ is at most 27¢ and there can be at most

p(n) < exp (71' %") such profiles. O

Corollary 9 and Lemma 10 imply the asymptotic equipar-
tition property.

Theorem 11. For all § > 0,
p{l logL — Elog ! ‘ > 5} = exp <fQ< nd* >)
n| 7 p() p() |~ log® n
Proof Observe that
log ; -E

| o B ‘ <9f

1 _ _ 1
> p{ 1 log N ()~ Blog N+

3=

p(®)

> p{{% llog N(@) — Elog N(3)| < 3n°% logn}

n{:

®)
N 2

p(®)

exp (m/2)
=0 e [2n % ’
exp (71' = n? log n)

The inequality (a) holds for 0 < a < as, where as is the

2 as—1
<3+7r\/;loge>n 2 logn =4. (3)

Note that 0 < as < 1 for sufficiently large n. The inequality

solution of

(b) follows by using Lemmas 9 and 10.
Equation (3) implies that

as né>
= S ,
(3 + w\/glog e) log®n

and the theorem follows by observing that the 2e

— =3 .
27" domi-

nates the convergence rate. O
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