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Abstract — A lossy coding scheme is proposed for
separate encoding and joint decoding of two cor-
related sequences. The algorithm simultaneously
exploits the correlation between the sequences (us-
ing a binning-based quantization scheme) and that
between the samples of each sequence (using linear
prediction). Under the proposed coding regime,
optimal prediction filter design fundamentally de-
viates from the traditional approach. More specif-
ically, it is, in general, not optimal to employ first-
order prediction for noisy observations of a first-
order Markov source, even when the noise is negli-
gibly small. Moreover, even if the prediction filter
is constrained to be of degree 1, the optimal filter
coefficient is different from the correlation coeffi-
cient of the Markov source. In the particular ex-
ample treated in this paper, it is shown that opti-
mal first- and second-order prediction respectively
enjoy up to 0.9dB and 1.15dB improvement over
the traditional approach.

Index terms - Binning, coding of correlated
sources, linear prediction, Markov sources.

I. INTRODUCTION

The theory of distributed source coding was initiated by
the seminal work of Slepian and Wolf [6]. They analyzed
the fundamental limits of lossless compression when a pair
of data sequences are encoded, simultaneously and sepa-
rately, to be jointly decoded by a central decoder. It is
implied by the separate encoding that the correlation be-
tween the two sequences can only be exploited through the
underlying joint probability distribution, but not through
actual realizations of data. The need for this type of com-
pression arises in sensor networks where bandwidth and
power are both severely constrained, and therefore commu-
nication is only permitted between each encoder and the
central decoder, but not between the encoders themselves.

Wyner and Ziv [7] later on introduced distributed lossy
compression by extending the work of Slepian and Wolf to
a special distributed scenario where a prescribed level of
distortion is allowed in the reconstruction of one of the se-
quences when the other sequence is transmitted losslessly
in a traditional (point-to-point) fashion. That scenario was
then extended to truly distributed cases [1], [2], where (pos-

sibly different levels of) distortion is allowed in the recon-
struction of both sequences.

A practical distributed lossy compression algorithm can
most naturally be considered in the general (and optimal)
framework of vector quantization (VQ) [5], applied to the
specific distributed setting [3]. The design problem can
be posed as the minimization of a cost function, and an
iterative method based on the generalization of the well-
known Lloyd algorithm [5] can be devised, as done in [3].
On the other hand, VQ-based algorithms suffer from an
even more severe initialization problem than the ordinary
VQ design [5], because of the increased degree of freedom
brought by binning. Also, design and storage complexities
still increase exponentially in the block-length NV, which
must be large in order to increase compression efficiency
when there is high temporal correlation.

In this work, we propose predictive coding of correlated
sources as a methodology to circumvent the mentioned dif-
ficulties of VQ-based algorithms. The quantization fol-
lowed by the prediction step is to be performed over scalar
prediction error samples. Coding of correlated scalars is a
relatively easier task in terms of complexity and initializa-
tion, and a preliminary work in this direction [4] already
yielded promising results. For that purpose, we propose
a family of codes based on a deterministic binning strat-
egy. Our codes effectively cover the joint support set, i.e.,
they reliably encode the pairs that are in the support, but
neglect the distortion that is caused by occasional pair of
samples that fall out of the support. We also show that in
the high-resolution uniform quantization regime, the aver-
age distortion achieved by our scheme is the same as that
which would be achieved if both of the scalars were avail-
able at a single sensor node [5, Section 8.3]. Therefore, the
proposed coding scheme exhibits the same phenomenon as
the Slepian-Wolf theorem reveals, this time in lossy cod-
ing. That is, the potential disadvantage brought by the
distributed nature of data vanishes in the high-resolution
regime.

The task of finding optimal prediction filters is not as
straightforward as in the point-to-point communication
scenario. In the latter, one simply finds the filter coeffi-
cients that minimize the variance of the prediction error by
solving the well-known normal equations [5, Section 4.3].
This, in turn, approximately minimizes the end-to-end dis-



tortion in a closed-loop scheme [5, Section 7.3]. The funda-
mental difference here is that, in our framework, the distor-
tion achieved at any time instant n after the prediction step
becomes approximately proportional to the square-root of
the determinant of the covariance matrix for the two pre-
diction error samples at time n. Minimization of this dis-
tortion results in prediction coefficients that are different
from those which would be obtained by solving the normal
equations. We also show that, in general, it also results in
a different filter order.

For demonstration purposes, we work on a correlated
sequence pair generated as the noisy observations of a first
order Gauss-Markov sequence, where the SNR is 30dB, i.e.,
the noise is negligibly small. We show for this sequence pair
that the SNR gain of (i) second-order optimal prediction
over no prediction is up to 4dB, (ii) first-order optimal
prediction over traditional prediction is up to 0.9dB, and
finally (iii) second-order optimal prediction over traditional
prediction is up to 1.15dB.

II. A FaMILY OF Lossy CODES FOR CORRELATED
SOURCES

We propose a systematic family of codes, parameterized
by three integers, W, Nx, and Ny, for separate encoding
and joint decoding of two correlated random variables X
and Y (Although the proposed codes will be exclusively
used on prediction error sequences, the discussion in this
section will be for a generic pair {X,Y}). The dynamic
ranges of both X and Y are divided into W Nx Ny uni-
form intervals, thereby defining a uniform grid on the two
dimensional plane. We denote the resultant cells by C; j,

and define
U ¢

2)i—j|<W

Rw =

The parameters Nx, Ny, and W are chosen so as to satisfy
Pr[Rw]~1. (1)

For example, in Figure 1, Nx = Ny =2 and W = 3, and
therefore both dynamic ranges are divided into 12 intervals,
creating 144 cells. The shaded area indicates Sxy, the
support of the joint distribution of {X,Y}, and as seen
from the figure, the choice W = 3 satisfies (1).

The key observation (which we are able to prove rigor-
ously for any odd W and any Nx, Ny > 1) is that, the
codeword assignment

(Cy(i) + {ijyJ W) mod W Ny
7 mod W Ny

Cx (i)
Cy(j) =

for the intervals 0 < i,j < WNxNy — 1 satisfying
2|i—j| < W is uniquely decodable within the approximation

(1). That is, any cell C; ; € Rw can be uniquely identified
given {Cx(¢),Cy (j)}. To see that, denote by i1,49,...,in
the solutions of Cy (i) = k where 0 < k < WNy. Ob-
serve that Cx (i,) forms a linear sequence in modulo W Nx
with “slope” W. That, in turn, implies that the subsets
{Cx(in—(W—=1)/2),...,Cx(in+ (W —1)/2)} do not over-
lap for any n.

The resultant rates of transmission achieved by the code
{Cx,Cy} is given by

Rx =
Ry =

[log, (W Nx)] (2)
[logy (W Ny )] (3)

Also, the corresponding lengths of the uniform intervals are

2d x
Ay = —X 4
X W Nx Ny (4)
2dy
Ay = ——
Y WNx Ny (5)

where dx and dy denote the dynamic range of X and Y,
respectively.
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Figure 1: Proposed coding scheme with W = 3, Nx = 2, and
Ny = 2. The reader can verify that the decoder can uniquely
identify the cells in Ry . For example, although there are four
cells which are encoded as {0, 3}, only the indicated cell has
significant probability.

Assuming further that {X, Y} is a Gaussian distribution
with zero mean and covariance
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we can set the support Sxy to be the set of all (z,y) that
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where k is appropriately chosen so that Pr[Sxy] ~ 1. The
dynamic ranges then become

dx = max{(x,y) € Sxy} =kox

and similarly dy = koy. We define the width and the

height of Sxvy as

wx = 2max{(z,0) € Sxy} =2kox\/1—p?
wy = 2max{(0,y) € Sxy} = 2koy+/1— p?
y

and for any W, choose Nx and Ny so that

W wx _ wy
WNxNy  2dx  2dy
which implies
1
~y1—p?.
NNy P (6)

As can be verified from Figure 1, with this choice of Nx
and Ny, the code satisfies Sxy C Rw assuming a large
number of intervals, i.e., W NxNy > 1. Once Nx and
Ny are fixed to satisfy (6), W determines the achieved
rate-distortion point. More specifically, from (2)-(5), and
using the fact that the quantization noise is approximately
uniform in the high-resolution regime, we obtain
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X
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3W2Nx Ny p

k2
= gai V1 — p22~(Bx+Ey) (7)

and similarly

_UY’ /1— p22~ (Rx+Ry) (8)

If we pursue the minimization of the average distortion
% for a fixed total rate Rx + Ry, it is implied by
(7) and (8) that we must target Dx ~ Dy [5, Section 8.3].
This requirement is automatically satisfied if 0% = 0. On
the other hand, if 0% # 0%, then one can always construct
a second layer of cells (with no binning structure) inside
each original cell C; ;, thereby equalizing Dx and Dy . This
results in

2

k
Dx ~ Dy = — det(C)2~ (Bx+Ey) (9)

where Rx and Ry refer to the total rates after the equal-
ization of Dy and Dy. In other words, for a fixed total
rate, the quality of the coder is determined by /det(C).

We close this section with the demonstration of a phe-
nomenon which is somewhat reminiscent of the Slepian-
Wolf result [6]. Within the above approximations, the
following lemma proves that our coding scheme achieves
the same distortion as a hypothetical joint coding scenario
where rotated variables X’ and Y’ are encoded using uni-
form scalar quantizers.

Lemma 1 Given the total rate R = Rx + Ry, applica-
tion of the Karhunen-Loeve Transform (KLT) on a jointly
Gaussian pair {X,Y'} followed by optimal bit allocation re-
sults in an average distortion given by (9).

Proof: The eigenvalues of C can be calculated as

0% + 0y + /(0% +0})? —dokot (1 —p?)

A =
2

N = 0% + 0% — /(0% +0%)2 —do% o2 (1 — p?)
2

Employing uniform quantizers on the KLT coefficients X’
and Y’ with bit rates R’ and R} yields

kj2)\1272RIX D~ k2>\2272R'Y

Dy ~ ~
X 3 ’ Y 3

As mentioned above, to minimize % subject to fixed
R’y + R}, = R, one needs to set Dy = D, [5], which yields

Slog 3 = Ry — Ry
and hence
Ry = §+ ilogi—;
Ry = ?—i Ogi—; :
Therefore,
D=p = Ehgm(Erieed)
_ k2 oo R
= %QUXUY 1—p2 o— R

k2
= E\/det(C)2’(Rx+RY) ,

which completes the proof.
|



I1I. PREDICTION FILTER DESIGN

In this section, we turn our attention back to distributed
sequence pairs {X|[n],Y[n]|}, and discuss how prediction
filters must be designed. We will discuss how optimal linear
prediction filters are different from those which would be
obtained by solving normal equations

ay T[;]
R as _ 7“[: ] |
ax r[K]

of order K, where R; ; = r[i — j] for 1 <4,j < K, and r[]
denotes the autocorrelation function. The reason is that,
as (9) suggests, minimizing the variance of the prediction
error is no longer the optimal strategy. Rather, as we will
show in the next section, it may result in significant SNR
loss.

One may initially argue that closed-loop prediction (pre-
diction of incoming samples from quantized past samples)
is not possible in the context of separate coding of corre-
lated sources, because it is not obvious how the encoders
can replicate the data reconstructed at the decoder with-
out knowing the output of each other. On the other hand,
closed-loop prediction is preferable as the distortion at the
quantizer output truly reflects the end-to-end distortion.
Now observe that by putting the reconstruction vectors on
a grid, as opposed to optimally designing them for each
individual cell C; ;, one can allow the encoders to replicate
the data at the decoder end. More specifically, when the
grid codebook structure is adopted, éx[n], reconstruction
of the prediction error ex[n], depends only on the inter-
val which ex[n] falls into (and likewise for éy [n]), provided
{ex[n],ey[n]} € Rw. Also, if the prediction filter is con-
strained to be minimum-phase, occasional errors caused
by {ex[n],ey[n]} ¢ Rw will be quickly forgotten thanks
to the stability of the inverse filter at the decoder. Even
though the grid constraint on the codebook slightly de-
creases the compression efficiency at the quantizer output,
it results in dramatically better reconstruction at the de-
coder end compared to an open-loop scheme!.

The prediction error sequences in a closed-loop scheme
are given by
hx[n] * X[n]
hy[n] * Y[n]

=3
|

ex[

ey[n

where * denotes convolution, and hx|[n| and hy[n] are
real causal minimum-phase FIR sequences with hx[0] =

IThe disadvantage of open-loop prediction is that inverse filters
amplify the distortion. For example, if the prediction is first order
with coefficient a, the inverse filter amplifies the quantizer distortion
by —.

1—aZ?

hy[0] = 1. Under the high-resolution regime, however,
quantized output sequences X [n] and Y'[n] can be approx-
imated with their true values, and therefore

hx[n] * X[n]

hy[n] *Y(n] .

ex[n] =~
eyln] =

Assuming that X[n] and Y[n] are zero-mean and jointly
wide-sense stationary (WSS) sequences, we have

Texex[k] = hx[k]*hx[—k]*’rxx[k]
Teyey [If] = hy [k] * hy[—k] * Tyy[k]
Texey [If] = hx[k] *hy[—k] *Txy[]f]

where r¢4[k] = E{f[m]g[m—Fk]} is the correlation sequence
between the generic sequences f and g. We focus on the
special case where rxx[k] = ryy[k] and hx[n] = hy[n]. Tt
then follows from (9) that the achieved quantization dis-
tortion for {ex[n], ey [n]} is proportional to

a(hX) = \/rexex [0]2 — Texey [0]2

Even though it is still tedious to minimize a(hx) over all
real causal minimum-phase FIR filters, one can further con-
strain the prediction order K and perform a search over the
K-dimensional coefficient space.

In this paper, we adopt a slightly better approach, and
use (6) only as a guideline to choose Nx Ny, but not as an
exact formula. More specifically, we choose Nx Ny as the
largest integer that satisfies

W -2
> \/1 =92
WNxNy — P

where the extra factor WV; 2 is used as a “cushion” to ensure

that (1) is satisfied, and use

(10)

2.2
kox

—_= . 11
SWINL N )

DX ~ Dy ~
For a fixed W, we exhaustively search over all K-
dimensional minimum-phase filter coefficients, and for each
set of coefficients, obtain rate-distortion pairs using (10)
and (11). We then compute the convex-hull of the rate-
distortion curves corresponding to each W.

IV. EXPERIMENTAL RESULTS

A. The Setup

Let the process Z[n] be defined as a first-order Gauss-
Markov process, i.e.,

Zln] =nZ[n — 1] + €[n]

where 0 < 1 < 1, and €[n] is white Gaussian noise with
zero mean and variance o2 and is independent of Z[n]. It
can be easily shown that

rzzlk] = o™
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Figure 2: Rate-distortion curves for first-order prediction, ob-
tained for various W. The convex-hull is indicated with circles,
accompanied by the optimal values of a;.

2
where 0%, = lin >. Now, let two distributed sensors observe

noisy versions of this process, i.e.,

X[n] =
Yn] =

Z[n] +7n]
Z[n] +~(n]

where 7[n] and 7[n] are both white Gaussian noise signals
with zero mean and variance o2, and both are independent
of X[n] and Y [n]. Therefore,

rxx[k] = ryy[k] = rzz[k] + 026[k] = o%n" + o76[k]
where d[k] denotes the Kronecker delta function. Similarly
|K|

rxylk] =rzz[k] = ogn'* .

We will consider filters of order up to 2. For Hx(z) =

1—a1z7 ! —agz72, it is easy to obtain
Texex 0]
= (1+af +a3)(0% +07) = 2[ar(1 — a2)n + azn’|oy,
Texey [O]

= (1+a?+a2—2nai(1 —az) — 2a2n*)0% .
Also, by definition,

Texey [0]

p= .
Texex 0]

B. Performance Comparisons

We compare the performance of our coding scheme (with
optimized filter coefficients) to a purely binning-based
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Figure 3: Rate-distortion curves for second-order prediction.
The convex-hull is indicated with circles, accompanied by the
optimal values of a1 and axs.

scheme, where there is no prediction filter (i.e., a3 = as =0
in our own scheme), and to the traditional approach, where
filter coefficients are calculated using normal equations.

We have set 7 = 0.95, 0% = 1, and 02 = 0.001, thereby
setting the SNR of the observed sequences X |[n] and Y[n]

to
2

10logy, (”—Z> =30dB .
or

In this high-SNR setting, X[n] and Y[n] are themselves
approzimately first-order Markov processes, and solving the
normal equations for a prediction filter of order 1 yields
a; = 0.949. However, as we show next, we observe up
to 1.15dB gain over the traditional filter Hx(z) = 1 —
0.9492~! when the prediction filter is designed as described
in Section III.

Figure 2 depicts the (operational) rate-distortion curves
obtained by exhaustively searching over all first-order fil-
ters, and for each filter, using (10) and (11) with k = 4. As
described before, we obtain a curve for each W, and com-
pute the convex-hull for the characterization of the rate-
distortion performance. We observe that the optimal pre-
diction filter of order 1 changes as we traverse the overall
rate-distortion curve. In fact, we have also observed that
the optimal filter coefficient converges to a; = 0.949 when
the rate is sufficiently large (not shown on the figure). On
the other hand, minimization of (9) yields a; = 0.899. This
discrepancy is due to the inaccuracy of the approximation
(6).

Similarly, the rate-distortion curves for second-order pre-
diction is shown in Figure 3, together with the optimal filter
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Figure 4: Comparison of SNR results for k¥ = 4, n = 0.95,
0% =1, and o2 = 0.001.

coefficients as we traverse the overall rate-distortion curve.
This time we observed that the optimal filter coefficients
converge to a; = 0.62, as = 0.3, whereas minimization of
(9) yields a; = 0.63, as = 0.28.

Figure 4 is a comparison of the above first- and second-
order prediction filters to no prediction and traditional pre-
diction. We observe up to 4dB improvement over the no-
prediction method which exploits only the correlation be-
tween the samples. On the other hand, optimal first- and
second-order prediction filter design in our regime respec-
tively show up to 0.9dB and 1.15dB improvement over tra-
ditional prediction, which attempts to strip off all the de-
pendency within each sequence. The success of our scheme
is that it strikes an optimal balance between these two ex-
tremes.

We also exhibit in Figure 5 the output of our predic-
tion scheme for a pair of randomly generated sequences of
length 100,000. In the figure, only a portion of length 100
is depicted, as that interval contains the only time instant
where {ex[n], ey [n] € Rw}. The error propagates because
the encoders and the decoder is out of synch, but the effect
of this propagation quickly diminishes as time proceeds.
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