
Opportunistic Dynamic Subchannel Allocation in Multiuser

OFDM Networks with Limited Feedback

Shahab Sanayei
Dept. of Electrical Engineering

EC-33, 2601 N. Floyd Rd.
Univ. of Texas at Dallas
Richardson, TX, 75083

e-mail: sxs025500@utdallas.edu

Aria Nosratinia
Dept. of Electrical Engineering

EC-33, 2601 N. Floyd Rd.
Univ. of Texas at Dallas
Richardson, TX, 75083

e-mail: aria@utdallas.edu

Naofal Aldhahir
Dept. of Electrical Engineering

EC-33, 2601 N. Floyd Rd.
Univ. of Texas at Dallas
Richardson, TX, 75083

e-mail: aldhahir@utdallas.edu

Abstract — In this paper we present a simple scheme

for subchannel allocation in OFDM multiuser net-

works in the presence of limited feedback, in partic-

ular, when only one bit of information per subchan-

nel is available at the base station. Our objective

is to maximize the sum rate capacity of network in

the downlink transmission. We show that even with

very limited feedback the sum rate capacity growth is

the same as the fully informed transmission. We also

extend this result to the case when subchannels are

correlated.

I. Introduction

There is ever-increasing demand for higher data rates in
the next generation wireless systems. In a multiuser environ-
ment, where a large number of users share the same media for
communication, efficient broadband transmission techniques
that provide higher spectral efficiency have been the subject
of intense research in the past few years. Orthogonal frequency
devision multiplexing (OFDM) is one of the well known multi-
carrier techniques to combat ISI and is now an integral part
of wireless standards such as 802.11a and HIPERLAN/2.

In a network of wireless users, multi-user diversity can be
exploited to provide higher spectral efficiency and quality of
service [1]. One way to exploit multiuser diversity gain is
through opportunistic scheduling [1][2]. Previous work on op-
portunistic scheduling has been more focused on the frequency
flat fading model [1][2][3]. However, in a network of OFDM
users, only few works have utilized opportunistic schemes to
increase the capacity of the system.

One of the major problems in employing an opportunistic
scheme in OFDM network is the large amount of feedback
required to pass to the base-station. For example in 802.11a
each user has 64 subchannels and a network of 100 users re-
quires the base station to collect 6400 real numbers from all
the users. Furthermore, this information should be received
error free and with no delay. To address this issue, [4] pro-
posed an opportunistic scheme in which adjacent subchannels
are clustered into groups and then only the maximum value
of each cluster is fed back to the base station. But this still
requires feeding back several real numbers to the base-station
which may not be affordable, especially in ultra wide-band
and/or fast-fading scenarios.

In this paper we propose a simple subchannel allocation
scheme in which only one bit per subchannel is fed back to
the base station. Thus when each user has N subchannels,
only N feedback bits per user are required. We show that
even this limited feedback can increase the capacity to more
than twice the capacity obtained by TDMA. By introducing
novel analytical techniquess, we show that the growth rate

of network capacity is identical to optimal opportunistic sub-
channel allocation with full channel information at the base
station. Furthermore we investigate the effect of correlation
among channel taps to show that even when there is corre-
lation, significant gain in terms of sum-rate capacity can be
achieved by our proposed scheme.

The organization of the paper is as follows, in Section II
we introduce the system model. Section III talks about the
sum-rate capacity and its formulation in OFDM networks. In
Section IV our proposed limited feedback dynamic subchannel
allocation algorithm is discussed. The choice of the optimal
threshold is addressed in Section V. Section VI contains the
results about the sum-rate capacity growth in the asymptote
of large number of users. In Section VII we investigate the
performance of our algorithm when there is temporal correla-
tion between each user’s channel taps. Section VIII concludes
the paper.

We use the following notation in this paper, E[ ] refers
to the expected value of a random variable, <(z) denotes

the real part of the complex number z, we use an
◦
= bn to

denote the asymptotic equivalence of an and bn defined as:
limn → ∞

an

bn
= 1. We use the natural logarithm throughout

this paper so the capacity unit is in Nats/Sec/Hz.

II. System Model

For each user in the network, we consider a frequency se-
lective linear time invariant model

yt,k =
ν
∑

i=1

hi,kxt−i,k + wt,k (1)

where xt,k and yt,k are the input and the output for the kth

user (k ∈ {1, . . . , K}) at time n respectively, w is the addi-
tive white complex Gaussian noise and uncorrelated among
the users with zero mean and variance σ2

w, ht,k is the nth

channel tap for user k and is distributed as CN (0, 1) which is
assumed to be uncorrelated among different users, although
for each user, channel taps may or may not be correlated. We
assume that the base-station uses OFDM for data transmis-
sion to each user. By applying cyclic prefix and IDFT, user
k’s channel is divided into N different sub-channels Hn,k such
that:

Hn,k =
1√
N

N−1
∑

t=0

ht,ke
−j 2πnt

N (2)

We also assume that the total transmission power in the net-
work is limited by Pmax.

III. Sum-rate Capacity



When all users share the same bandwidth, and the base-
station has full information about every user’s subchannels,
then in order to maximize the sum-rate capacity of the net-
work, the problem of subcarrier and power allocation to dif-
ferent users in the network must be solved jointly. However,
this imposes a huge computational complexity at the base
station. Especially if the wireless channel varies quickly, then
then base-station requires an enormous computational power
to rapidly compute the optimal solution for power and sub-
channel allocation among the users. Moreover the optimal
dynamic joint power and subchannel allocation requires fast
and reliable feed-forward and feedback channels for exchang-
ing information between the users and the base station. Es-
pecially with large number of users in the network, sending
an immense amount of information back and forth between
the users and the base station causes a huge overhead for
the network which is not economical. This motivates a low-
complexity sub-optimum algorithm.

One may achieve economy of computation and communica-
tion through separation of subchannel and power allocation. It
is possible to first select subchannels and then perform water-
filling among all selected subchannels, but this again requires
the base station to send back the optimal power allocation vec-
tor to all the users, together with the indices of their selected
subchannels. Yet another suboptimal scheme is to equally al-
located the total power among all subchannels and then per-
form the subchannel allocation among all users [5]. We adopt
the latter approach in this paper.

Assuming full channel knowledge at the base station, max-
imizing the sum-rate capacity of the network reduces to al-
locating subchannel to users that have the best channel con-
ditions. In order to avoid inter-carrier interference we allo-
cate each frequency bin to a single user. Under this condition,
maximum sum-rate capacity with equal power splitting among
the subchannels is achieved when for each frequency bin we
choose the user whose corresponding subchannel gain is max-
imum within that frequency band. The sum rate capacity in
this case is given by

Cfull CSI =
N
∑

n=1

log(1 + SNR · max
k

|Hn,k|2) (3)

where SNR = Pmax
Nσ2

w

is the SNR per subchannel. This subchan-

nel selection scheme is in fact a generalization of the oppor-
tunistic scheduling in flat-fading multiuser networks [1] over
N different flat fading subchannels provided by OFDM.

IV. Subchannel Allocation with Limited

Feedback

The opportunistic scheme mentioned in the previous sec-
tion and most of the similar subchannel allocation schemes [5]
require full knowledge of the subchannel information to be
available at the transmitter. However, from a practical point
of view this is not affordable because a sum total of NK pos-
itive real numbers should be reliably transmitted to the base-
station which is not affordable in practice . Svedman et. al [4]
propose an alternative where, instead of feeding back the gain
of each subchannel, each user’s subchannels are divided into
clusters and in each cluster the maximum value of the cluster
is fed back to the base-station. This reduces the number of
real values to NK

L
assuming that there are L clusters. But this

still requires feeding back several real numbers to the base sta-
tion without any error and delay which is still not attractive
from an implementation point of view.

We propose a simple scheme where, instead of feeding back
the full information of the subchannels, only one-bit of in-
formation per subchannel is fed back to the base station for
subchannel allocation. For user k, the nth subchannel gain
|Hn,k|2 is compared to a threshold αn, if the subchannel gain
is above the threshold a “1” is transmitted back to the base
station otherwise a “0” is transmitted. So only N bits per
user is required in feedback1. Upon receipt of all feedback
bits from the users, the bases station allocates each subchan-
nel to one of the users whose corresponding feedback bit is
“1”. This assignment can be done via random selection or
round robin scheduling among eligible users. Our claim is
that by judicious choice of the threshold levels {αn} most of
the multiuser capacity gain is preserved.

Our scheduling method is distinct from that of Gesbert and
Alouini [6, 7] proposed for flat fading channels in the following
manner. Even though the idea of thresholding the users’ chan-
nel gains has also been mentioned by Gesbert and Alouini,
the requirements for their scheduling scheme are considerably
different from ours. In particular, their method requires the
users that have channel gains above a certain threshold to re-
port those channel gains to the base station. This requires
a feedback channel of variable-rate, but more importantly,
a feedback channel that must still accommodate the trans-
mission of real-valued numbers back to the base station. So
even though in their scheme, fewer parameters than before are
transmitted, still the rate is considerable. In comparison, we
are interested in a strictly limited-rate feedback scenario.

V. Optimal Threshold

When channel taps are uncorrelated, i.e. E[ht,kh∗
s,k] =

δt−s, we can use the analytical framework developed in [8] for
determining the optimal threshold value and the evaluation of
the sum-rate capacity. We notice that under the assumption
of uncorrelated channel taps, the subchannel gains {|Hn,k|2}
are iid random variables with exponential distribution. Hence
from Eq. 3 the ergodic sum-rate capacity with full CSI at the
base station is:

Cfull CSI = NE[log(1 + SNR max
k

|Hn,k|2)] (4)

For our 1-bit scheme we notice that p = Pr[|Hn,k|2 > αn] =
e−αn and since all the subchannels for different users are inde-
pendent we conclude that the probability of receiving k “1”’s
for the nth subchannel obeys a binomial law, i.e.

pk =

(

K

k

)

p
k(1 − p)K−k (5)

because of random selection of eligible subchannels (those
above threshold) the ergodic sum-rate capacity conditioned
on receiving exactly k “1”s for the nth subchannel is

Ck =
1

k

k
∑

i=1

Ci (6)

where Ci =
∫∞
0

log(1 + SNR x)dFi(x) and Fi(x) is the

CDF of the ith highest absolute value of all channel

1One can also use the idea of clustering the subchannels to re-

duce the amount of feedback to N
L

bits per user



101 102 103
1

1.5

2

2.5

3

3.5

4

4.5

5

5.5
Optimal Threshold

α

Number of users

SNR=20 dB
SNR=10 dB
SNR=0 dB 

Figure 1: Optimal threshold vs. number of users for dif-
ferent SNR values

gains. In other words if {X1, . . . , XK} is a permutation of
{|Hn,1|2, . . . , |Hn,K |2} such that 0 ≤ XK ≤ · · · ≤ X1, then
Fi(x) = Pr[Xi < x]. When the channel gains are iid, it can
be shown that [9]:

Fi(x) =

i−1
∑

j=0

(

K

j

)

(F (x))j (1 − F (x))K−j (7)

where F (x) = 1 − e−x is the CDF of |hn,k|2 for all n k. Thus
the ergodic sum-rate capacity for the case of 1-bit feedback is:

C1 bit = N

K
∑

k=1

pkCk (8)

For the uncorrelated case, the allocation of each subchannel
is unaffected by other subchannels, hence the subchannel allo-
cation can be performed disjointly and because all subchannels
have the same variance, we have α1 = · · · = αN = α = − log p.
In order to find the optimal α we have to solve ∂C1 bit(p)

∂p
= 0

for p. By differentiating Eq. (8) with respect to p we have

K
∑

k=1

(k − np)pkCk = 0 (9)

popt is the unique solution of Eq. 9 and the optimal threshold
can be obtained from

αopt = − log popt (10)

Figure 1 depicts αopt as a function of number of users K and
for various values of SNR (the plot is in logarithmic scale).

VI. Asymptotic Analysis

In this section we investigate the behavior of the sum-rate
capacity of OFDM networks in the asymptote of large number
of users. first of all we state the following lemma which is the
key tool in our asymptotic analysis.

Lemma 1 Let {Xi}n
i=1 be a sequence of positive iid random

variables with finite mean µn and finite variance σ2
n, also

E[log2(Xn)] < ∞, if limn→∞
σn

µn
= 0 , then:

log(µn) − E[log(Xn)] −→ 0

as n → ∞ .
Proof: Using Tchebychev inequality for all ε > 0 we have:

Pr

[
∣

∣

∣

∣

Xn

µn

− 1

∣

∣

∣

∣

> ε

]

≤ E[(xn − µn)2]

εµ2
n

=
1

ε

(

σn

µn

)2

hence Xn

µn

i.p.−→ 1 , now using the Slutsky’s theorem [10] we
have

log

(

Xn

µn

)

i.p.−→ 0 (11)

On the other hand, for a random variable whose second mo-
ment is finite, we have:

E[|Z|] =

∫ ∞

0

zf|Z|(z)dz

= −z
(

1 − F|Z|(z)
)
∣

∣

∞
z=0

+
∫ ∞

0

(

1 − F|Z|(z)
)

dz (12)

E[Z2] =
∫∞
0

|z|2f|Z|(z)dz < ∞ therefore we should have
limz→∞ z2f|Z|(z) = 0 otherwise the integral does not con-
verge. Using L’Hopital rule we also have:

lim
z→∞

z(1 − F|Z|(z)) = lim
z→∞

z
2
f|Z|(z) = 0

Thus from Eq. (12) we can conclude:

E[|Z|] =

∫ ∞

0

(

1 − F|Z|(z)
)

dz =

∫ ∞

0

Pr[|Z| > z]dz

now let Z = log
(

Xn

µn

)

, then :

E[Z2] = E[(log Xn − log µn)2]

≤ E[(log Xn)2] + (log µn)2 < ∞ (13)

therefore:

|E[log Xn] − log µn| ≤ E

[
∣

∣

∣

∣

log

(

Xn

µn

)
∣

∣

∣

∣

]

=

∫ ∞

0

Pr

[
∣

∣

∣

∣

log

(

Xn

µn

)
∣

∣

∣

∣

> a

]

da (14)

but Eq. (11) says that for all a > 0, Pr[| log( Xn

µn
)| > a] → 0

as n → ∞. We know, Pr[| log( Xn

µn
)| > a] ≤ 1 , hence using

the dominated convergence theorem we can conclude that
E[log(Xn)] − log(µn) → 0 , Q.E.D.

Lemma 1 states that if the probability measure associated
with the random variable Xn is well concentrated around its
mean value for large n, then Jensen’s inequality for log() is
asymptotically tight. Note that Xn can be either a discrete

or a continuous random variable.
When all subchannels’ gains are fully known at the base

station, for each subcarrier, the base station only transmits
to the users with the best corresponding subchannel. Hence



the ergodic sum-rate capacity (under the assumption of un-
correlated channel taps) can be calculated from Eq. (4) by
the following formula:

Cfull CSI = NC1 = N

∫ ∞

0

log(1 + SNR x)dF1

= NK

∫ ∞

0

log(1 + SNR x)e−x(1 − e
−x)K−1

dx

Let µ1 =
∫∞
0

xdF1 and σ2
1 =

∫∞
0

(x−µ1)
2dF1, then it is known

[9] that:

µ1 =
K
∑

i=1

1

i
and σ

2
1 =

K
∑

i=0

1

i2
,

therefore σ1
µ1

→ 0 as K → ∞. Combined with Lemma 1, it
follows that:

Cfull CSI
◦
= N log(1 + SNR µ1)
◦
= N log(log K) + N log(SNR). (15)

where
◦
= indicates asymptotic equivalence, as defined earlier.

We are interested in investigating the behavior of the sum-rate
capacity of the 1-bit feedback scheduling proposed in Sec-
tion IV in the asymptote of large number of users. This is
accomplished via the following result.

Theorem 1 The sum-rate capacity of a wireless network with

1-bit feedback and optimal choice of threshold, behaves as

O(N log(log K)+ N log(SNR)), exactly the same as the sum-

rate capacity of a fully informed network.

Sketch of Proof: We start from Eq. 9 and after some algebra
we arrive at:

C1 bit = N

K
∑

i=1

πiCi (16)

where πi = 1
Kp

∑K

k=i pk, i = 1, . . . , K . Note that πi is a valid

p.m.f. because
∑K

i=1 πi = 1, hence:

C1 bit = N

K
∑

i=1

πiCi

= N

K
∑

i=1

πi

∫ ∞

0

log(1 + SNR x)dFi

= N

∫ ∞

0

log(1 + SNR x)d

(

K
∑

i=1

πiFi

)

= N

∫ ∞

0

log(1 + SNR x)dFπ (17)

where Fπ =
∑K

i=1 πiFi is a mixture probability measure of all
order statistics of the exponential family. Now we show that
Fπ satisfies the required condition for Lemma 1.

µπ =
K
∑

i=1

πiµi (18)

where µi =
∫∞
0

xdFi(x) is the mean of the ith order statistics
of the exponential family. In [8] it is proved that

µπ
◦
= log K

and
σπ

µπ

→ 0 as K → ∞ .
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Figure 2: Sum-rate capacity (normalized by N) vs. num-
ber of users

Also from Eq. (7) it can be seen that CDF of all order statis-
tics of the exponential family can be explained as sum of ex-
ponentials hence Fπ(x) is also consisted of weighted sum of
exponential functions therefore its second order logarithmic
moment exits, i.e.

∫∞
0

(log x)2dFπ < ∞. Now we can apply
Lemma 1 to show that:

C1 bit = N

∫ ∞

0

log(1 + SNR x)dFπ

◦
= N log(1 + SNR µπ)
◦
= N log(log K) + N log SNR (19)

which is exactly the same as Eq. (15)

VII. Subchannel Correlation

In this Section we assume for each user that the channel taps
are correlated, but there is no dependence between different
users’ channels. The correlation model that we consider is an
exponential decaying model described by

E[ht,kh
∗
s,k] = ρ

|t−s| (20)

This model well describes the correlation caused by a pulse-
shaping filter that exits in many pratical communications
standards such as GSM.

Let ηn,k be the power of the nth subchannel of the kth user
which can be calculated as:

ηn,k = E[|Hn,k|2]

=
1

N
E

[(

N−1
∑

t=0

ht,ke
−j 2πtn

N

)(

N−1
∑

s=0

hs,ke
−j 2πsn

N

)∗]

=
1

N
E

[

N−1
∑

t=0

N−1
∑

s=0

ht,kh
∗
s,ke

−j
2π(t−s)n

N

]

=
1

N

N−1
∑

t=0

N−1
∑

s=0

ρ
|t−s|

e
−j 2πn

N
(t−s)



by change of summing index to u = t − s we get

ηn,k =

N−1
∑

u=−(N−1)

(1 − |u|
N

)ρ|u|
e
−j 2πn

N
u

= <{βn} − 1 (21)

where βn = 1√
N

∑N−1
m=1 bme−j 2πn

N
m is the discrete Fourier

transform (DFT) of the sequence bm = (
√

N − m√
N

)ρm. As-

suming ρN � 1, after some algebra we obtain the following
expression for ηn,k:

ηn,k ≈ 1 − ρ2

1 + 2ρ cos θn + ρ2
+

2ρ cos θn + 4ρ2 + 2ρ3 cos θn

N(1 + 2ρ cos θn + ρ2)2
(22)

where θn = 2πn
N

. Notice that for a given n, {Hn,k}’s are i.i.d.
across different users, hence ηn,k does not depend on k. Thus
correlation between taps, leads to subchannels with different
qualities. On the other hand exact calculation of the optimal
threshold for this case is not mathematically tractable. So we
propose a suboptimal solution for quantizing the subchannels
with one bit. In fact for the nth frequency bin, we divide the
subchannel gains by ηn,k and then compare the normalized
channel gain by the optimal threshold calculated in Section
V, if

|Hn,k|2
ηn,k

≥ αn

the feedback bit is set to “1”, otherwise it is set to “0”.
Fig. 2 is the simulation result based on the proposed
algorithm for SNR=10 dB. As can be seen in the figure for
both uncorrelated and correlated cases, the sum-rate capacity
growth of our scheme is the same as the opportunistic
subchannel selection with full information available at the
base station. Moreover the capacity achieved by our scheme
is much higher than TDMA scheduling and only slightly
lower than the full CSI sum-rate capacity.

VIII. Conclusion and Future Work

In this paper we proposed a simple algorithm for dynamic
subchannel allocation in multiuser OFDM networks. Our
scheme only requires one bit per subchannel per user and,
despite its very low feedback rate, achieves the same capacity
growth as the subchannel allocation with full channel infor-
mation for all users at the base station. For future work we
would like to extend this limited feedback approach to MIMO
system. Also another problem of interest is the impact of
channel estimation error also the effect of feedback error and
delay on the performance of our scheme which remains to be
a topic of future research.
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