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Abstract — The delay-limited capacity is defined as the
transmission rate that can be guaranteed in all fading states
under finite long-term power constraints. For the single-
input single-output Rayleigh fading channel it is zero. In
contrast it is greater than zero in multiple antenna channels
but depends on the properties of the fading channel, e.g. on
the spatial correlation. In this work, we prove that the delay-
limited capacity is Schur-concave with respect to the spatial
correlation. In addition to the average power constraint, we
apply a peak-power constraint which limits the kurtosis of
the input signal. We derive the delay-limited capacity for
this general class of multiple antenna channels with correla-
tion under peak-power and long-term power constraint.

Without the stringent delay constraint, the maximum
throughput is defined as the transmission rate times success-
ful transmission probability. When the transmitter is unin-
formed, the maximum throughput is achieved for small SNR
by using only one transmit antenna and for high SNR by us-
ing all available transmit antennas. When the transmitter
has perfect channel knowledge, the optimal power alloca-
tion under long-term power constraint is analyzed and the
impact of correlation is discussed by numerical simulations.

I. I NTRODUCTION

Multiple antenna systems were extensively studied in terms
of their performance and achievable rates [18, 8]. Recently, the
impact of correlation on the average mutual information and on
the outage probability was analyzed in [13, 4]. The capacity
of fading channels with channel state information (CSI) at the
transmitter was studied in [10].

In this work, we consider the delay-limited capacity of quasi-
static flat-fading multiple antenna channels. The delay-limited
capacity, also called zero-outage capacity, is the achievable
transmission rate which can be guaranteed for all fading states.
In [7, p. 2633], the delay-limited capacity and the connection
to compound channels are discussed. In order to obtain a delay-
limited capacity greater than zero, the transmitter performs tem-
poral power allocation under a long-term power constraint. In
[12], the authors studied the delay-limited capacity region for
the multiuser MAC. The delay-limited capacity for single an-
tenna Rayleigh fading channels is zero, whereas it is greater
than zero for channels with more than one degree of freedom,
e.g. multiple antenna channels or multi-carrier channels. In
the first part, we analyze the impact of spatial correlation on

the delay-limited capacity in multiple antenna systems. Using
Majorization theory, we show that the delay-limited capacity is
Schur-concave with respect to the antenna correlation. In addi-
tion, we apply a peak-power constraint which limits the kurtosis
of the input signal. In [14], the capacity of fading channels un-
der average and peak-power constraints was derived and a cod-
ing theorem and its converse was proved. Here, we derive the
delay-limited capacity under average and peak-power constraint
for spatially correlated multiple antenna channels.

The transmission rate can be significantly increased by relax-
ing the stringent delay constraint. The throughput of the overall
system is then given as the product of the rate times the prob-
ability of successful transmission [3]. Even without CSI at the
transmitter, the maximum throughput is greater than zero. The
optimal transmit strategy depends on the SNR and is to allo-
cate equal power to a subset of the available antennas. Based
on the results in [4], we show that for small SNR the maximum
throughput is attained with only one transmit antenna and for
high SNR all available antennas should be used. Finally, the
case when the transmitter has perfect CSI is analyzed. In [6],
the authors provide an algorithm which yields the optimal power
allocation for outage probability minimization. We apply this al-
gorithm for the problem at hand and discuss the impact of corre-
lation on the maximum throughput by numerical simulations. In
[2], different throughput measures for delay-constrained com-
munications are introduced. We compare these measures and
their properties to our approach.

II. CHANNEL MODEL AND SPATIAL CORRELATION

A. Channel model
We consider the standard quasi-static flat-fading multiple an-

tenna channel model. In the case in which the transmitter has
multiple antennas it is given by

y = xHh + n

with complexn×1 transmit vectorx, channel vectorh (n×1),
circularly symmetric complex Gaussian noisen with variance
σ2

n

2 per dimension. In the case in which the receiver has multiple
antennas, the received vector is given byy = xh + n. Here,
the scalarx is the transmitted signal,h is the channel vector,
andn is the noise vector with independent and identically zero
mean circularly symmetric complex Gaussian distributed entries
with varianceσ2

n. For convenience, we define the inverse noise



variance asρ = 1/σ2
n. We have a transmit power constraintp.

Therefore, the SNR is given bypρ. We assume that the receiver
knowsh perfectly.

Next, we describe the stochastic properties of the block-
fading channel for the case when the transmitter has multi-
ple antennas (multiple-input single-output MISO). The single-
input multiple-output (SIMO) case is analogue. The covari-
ance matrix of the channel vector realizations is given byR =
E
(
hhH

)
1. The eigenvalue decomposition of the channel co-

variance matrixR is given byR = URMRUH
R with diago-

nal matrixMR with eigenvaluesµ1, ..., µn
2. The correlation of

the channel vectors arises in the common downlink transmission
scenario in which the base station is un-obstructed [16]. We fol-
low the model in [9] in which the subspaces and directions of
the paths between the transmit antennas and the receive clus-
ter change slower than the actual attenuation of each path. The
eigenvectors inUR correspond to the dominant directions and
the eigenvalues are the average power in these directions.

B. Measure of spatial correlation
In order to compare two correlation scenarios, the following

framework can be applied: For two vectorsx,y ∈ Rn one says
that the vectorx majorizes the vectory and writesx � y if

m∑
k=1

xk ≥
m∑

k=1

yk ∀m = 1, ..., n− 1, and
n∑

k=1

xk =
n∑

k=1

yk.

A real-valued functionΦ defined onA ⊂ Rn is said to be
Schur-convexonA if from x � y onA follows Φ(x) ≥ Φ(y).
Similarly, Φ is said to beSchur-concaveonA if from x � y on
A follows Φ(x) ≤ Φ(y).

For further information about majorization theory see [15].
The following definition provides a measure for comparison of
two covariance matrices. The channel covariance matrixR1 is
more correlated thanR2 if and only if

∑m
l=1 µ1

l ≥
∑m

l=1 µ2
l for

m = 1...n− 1 and
∑n

l=1 µ1
l =

∑n
l=1 µ2

l .
It can be shown that vectors with more than two components

cannot be totally ordered. This is a problem of all possible or-
ders for comparing correlation vectors. The case in which the
transmit antennas are fully correlated corresponds toµ1 = n,
µ2 = ... = µn = 0. The case in which the transmit antennas are
fully uncorrelated corresponds toµ1 = µ2 = ... = µn = 1.

We need the following result (see [15, Theorem 3.A.4])
which is sometimes called Schur’s condition. It provides an ap-
proach for testing whether some vector valued function is Schur-
convex or not. Schur’s condition for the Schur-convexity of a
symmetric functionf(x) is given as [15, p. 57]

(x1 − x2)
(

∂f

∂x1
− ∂f

∂x2

)
≥ 0 (1)

1For SIMO, the covariance matrix is given byR = E
(
hHh

)
.

2We assume without loss of generality, that the channel covariance matrix
eigenvalues are decreasingly ordered, i.e.µ1 ≥ µ2 ≥ ... ≥ µn ≥ 0.

for all x1, x2 ∈ In. Furthermore,f(x) is a Schur-concave func-
tion onIn if f(x) is symmetric and

(x1 − x2)
(

∂f

∂x1
− ∂f

∂x2

)
≤ 0 (2)

for all x1, x2 ∈ In.

III. A NALYSIS OF DELAY-LIMITED CAPACITY

We follow the definition of the delay-limited capacity in [6].
The instantaneous mutual information of the multiple antenna
channel is as function of the SNR which depends onρ and the
instantaneous transmit powerp, and the channel realizationh

I(ρ, p,h) = log
(
1 + ρp||h||2

)
. (3)

A. Long-term power constraint
The capacity vs. outage probabilityε - or ε-capacity under

long-term power constraint

E [p(h)] ≤ P (4)

is a function of the SNRρ, the long-term power constraintP ,
and the channel correlationµ = [µ1, ..., µn] and it is the rateR

arg max R s.t. Pr [I(ρ, p, h) ≤ R] ≤ ε. (5)

The delay-limited capacity is defined as the0-capacity, i.e. for
all fading states the outage probability is zero with probability
one. In order to achieve this with minimal power, the optimal
power allocationp∗(h) has to fulfill

p∗(h) =
2R − 1
ρ||h||2

(6)

for all fading statesh. The rateR has to be chosen such that
E [p∗(h)] = P . The average ofp∗ in (6) is given by

E [p∗(h)] =
2R − 1

ρ
E
[

1
||h||2

]
.

In order to fulfill the power constraint,p∗ is given by

p∗(h) =
P

E
[

1
||h||2

] 1
||h||2

and the delay-limited capacity is

Cd(ρ, P, µ) = log2

1 + ρ
P

E
[

1
||h||2

]
 . (7)

Note that the delay-limited capacity in (7) depends on the chan-
nel correlation by the average of the inverse channel norm. In
order to quantify the effect of correlation on the delay-limited
capacity, we prove the following theorem.



Theorem III.1 The delay-limited capacity is a Schur-concave
function with respect to the vector of the eigenvalues of the spa-
tial correlation matrix, i.e.

µ1 � µ2 =⇒ Cd(ρ, P, µ1) ≤ Cd(ρ, P, µ2).

Proof We study the vector-valued function

f(µ) = E
1

||h||2
= E

[
1∑n

k=1 µkwk

]
with independent random standard exponential distributedwk.
The first derivative off with respect toµ1 andµ2 is given by

∂f(µ)
∂µ1

= −E

[
w1

(
∑n

k=1 µkwk)2

]
(8)

∂f(µ)
∂µ2

= −E

[
w2

(
∑n

k=1 µkwk)2

]
. (9)

The difference∆ between the two derivatives in (8) and (9) is
given by

∆ = E

[
w2 − w1

(
∑n

k=1 µkwk)2

]

=
∫ ∞

0

n∏
k=3

1
1 + tµk

( 1
1 + tµ1

t

(1 + tµ2)2

− 1
1 + tµ2

t

(1 + tµ1)2
)
dt

=
∫ ∞

0

n∏
k=3

1
1 + tµk

t2

(1 + tµ1)2(1 + tµ2)2
(µ1 − µ2) dt

≥ 0 (10)

The first identity in (10) follows from the fact that

E
[

1∑n
k=1 µkwk

]
=
∫ ∞

0

n∏
k=1

1
1 + tµk

dt.

Since (10) shows that Schur’s condition in (1) is fulfilled for all
µ1 ≥ µ2 it follows that 1

E
[

1
||h||2

] is Schur-concave and the proof

is completed.

Remark The completely correlated multiple antenna channel
has zero delay-limited capacity, completely uncorrelated multi-
ple antenna channel has the delay-limited capacity

Cd(ρ, P,1) = log2

(
1 + ρP

n− 1
n

)
(11)

which converges forn approaching infinity to the capacity of the
AWGN channellog2(1 + ρP ). Furthermore, for the case when

all µk are different, i.e.µk 6= µj for all k 6= j, we have the
following closed form expression for the expectation

E
[

1∑n
k=1 µkwk

]
=

n∑
k=1

log(µk)
∏
j 6=k

(
1

µk − µj

)
. (12)

Using (12), the delay-limited capacity can be easily computed in
closed form. Note that the loss due to correlation between com-
pletely uncorrelated and fully correlated antennas grows with
the SNR and with the number of antennas. For the completely
correlated case, the delay-limited capacity is zero.

B. Peak power constraint
The delay-limited capacity was analyzed under the usual

long-term power constraint in (4). However, in many practical
systems, there is a limitation on the peak power due to the non-
linearity of the amplifiers, and also for compliance with other
existing standards. Therefore, we apply a peak-power constraint
by restricting the Kurtosis of the input distribution, see e.g. [11,
Section 3.1], i.e.

E
[
p(h)2

]
≤ κE [p(h)]2 . (13)

The constraint in (13) limits the Kurtosis which is a measure of
the peakedness of the input signal to be less than or equal to
κ < ∞.

Remark The kurtosis of the power distributionp(h) depends
only on the channel statistics, i.e.

κ =
E
[

1
||h||4

]
E
[

1
||h||2

]2 . (14)

Lemma III.2 The delay-limited capacity for the multiple-
antenna correlated flat Rayleigh fading channel under long-
term power constraint (4) and peak power constraint (13) is
greater than zero only if rank(R) > 2.

Proof Let the eigenvalues of the correlation matrixR be fixed
in decreasing order, i.e.µ1 ≥ µ2 ≥ ... ≥ µr > µr+1 = ... =
µn = 0. r denotes the rank ofR. The fourth moment can be
upper and lower bounded by

1
µ2

1

E
[

1
v2

]
≤ E

[
1

(
∑n

k=1 µkwk)2

]
≤ 1

µ2
r

E
[

1
v2

]
(15)

with random variablev =
∑r

k=1 wk standardχ2- distributed
with 2r degrees of freedom. Therefore, the fourth moment is
finite if and only ifE

[
1
v2

]
< ∞. The expectation is given by3

E
[

1
v2

]
=

1
(r − 2)(r − 1)

. (16)

Since the expectation in (16) is infinity forr = 1 andr = 2,
the statement of Lemma III.2 follows. The kurtosis is given by
κ = 1

r−2 .

3In general, thek − th moment of1
v

is given byΓ(r−k)
Γ(r)

.



Concluding the delay-limited capacity analysis for multiple
antenna systems, there are three possible cases for the delay-
limited capacity under long-term power constraint and peak-
power constraint: Either the delay-limited capacity is zero, be-
cause the rank of the correlation matrixR is less than three;
or the delay-limited capacity is limited by the long-term power
constraint and it is given by (7) with (12); or the peak-power
constraint is active. This leads to the following Theorem III.3.

Denote the second moment asm2 = E
[

1∑n
k=1 µkwk

]
in (12) and

the fourth moment4 asm4 = E
[

1
(
∑n

k=1 µkwk)2

]
.

Theorem III.3 The delay-limited capacity of the Rayleigh flat-
fading multiple antenna channel withn antennas and corre-
lation R with rank r and eigenvaluesµ1, ..., µn under long-
term power constraintm2 ≤ P and peak-power constraint
m4 ≤ κm2 is given by

Cd(ρ, P, κ) =

{
0 if r ≤ 2 or m4

m2
2

> κ

log2(1 + ρP
m2

) if r > 2 and m4
m2

2
≤ κ

Note, that the fourth momentm4 is Schur-concave with re-
spect toµ, too. This can be shown by following the proof of
Theorem III.1.

IV. M AXIMUM THROUGHPUT ANALYSIS

In this section, we relax the stringent delay requirements from
the last section and allow for arbitrary delay. The delay can be
exploited either by increasing the length of one codeword or by
introducing some kind of automatic repeat request (ARQ). If the
block length of the codeword is increased, the outage probabil-
ity for this codeword is reduced. Here, following [2] , we focus
on the ”Maximum Zero-Outage Throughput”. The receiver re-
quests a retransmission as long as outages occur until the code-
word is sucessfully decoded. Therefore, the complete informa-
tion is reliable transmitted. The probability that a codeword has
to be transmitteds times is given by

Pr
[
codewords-times transmitted

]
=

Pr

[
s−1⋂
i=1

outi

][
1− Pr

(
outs

∣∣∣∣∣
s−1⋂
i=1

outi

)]
(17)

whereouts means an outage in retransmissions. If the receiver
considers only the actual packet for decision, the probability of
s times transmission is given by

s−1∏
k=1

Pr
[
k-th outage

]
·
(
1− Pr

[
s-th outage

])
(18)

under the assumption of an independent block-fading channel.
The maximum throughput is then defined to be

T (ρ, P ) = sup
R

R

E[S]
4Unfortunately, there is no simple closed form expression for the fourth mo-

mentm4 for correlated channels.

with the average service timeE[S]. Using (18), the maximum
throughput for this simple retransmission scheme is given by

TMZT (ρ, P ) = max
R≥0

R (1− Pr [I(ρ, P, h) ≤ R]) . (19)

In [2] the quantity in (19) is called ”Maximum Zero-Outage
Throughput”. Here, a transmission of a certain amount of data
is not guaranteed within a limited delay. The measure in (19) is
contrary to the delay-limited capacity in the last section. There
are channel realizations in which more bits are reliable trans-
mitted thanTMZT (ρ, P ) and there are realizations in which
less bits are transmitted. The probability thatTMZT (ρ, P )
bits (out ofR bits) are transmitted without errors is given by
Pr
[
I(ρ, P, h) ≤ TMZT (ρ, P )

]
.

The connection between the delay-limited capacity and the
maximum throughput becomes clear for rates that are smaller
than the delay-limited capacity. In this case, the optimal power
allocation which minimizes the outage probability corresponds
to the optimal power allocation in the delay-limited case. There-
fore, the achievable rates are equal, too.

A. Uninformed transmitter
When the transmitter is uninformed, the optimal temporal

power allocation is equal power allocation. In the SIMO case
with uncorrelated receive antennas, we obtain

f(R) = R (1− Pr [I(ρ, P, h) ≤ R])

= Re−n 2R−1
ρ

n−1∑
i=0

(
n 2R−1

ρ

)i

Γ(i + 1)

 . (20)

If the receive antennas are correlated, the maximum throughput
additionally depends on the eigenvaluesµ

TMZT (ρ, P ) = max
R≥0

R

(
1− Pr

[
n∑

k=1

µkwk ≤
2R − 1

ρP

])

= max
R≥0

R

n∑
k=1

∏
l 6=k

1
1− µl

µk

(
1− e

− 2R−1
ρP µk

)
(21)

for completely disjunct eigenvalues, i.e.µk 6= µl for all k 6= l.
From the outage probability analysis in [4] we know that the
outage probability is for small SNR values (or high rates) Schur-
concave and for high SNR values (or low rates) Schur-convex.
This behavior carries over to the maximum throughput in (21).

B. Informed transmitter
The optimal power allocation for minimization of the out-

age probability with informed transmitter is characterized in [6].
The optimization problem

minPr [I(ρ, p(h,h) 6= R] s.t. Ep(h) ≤ P (22)

is solved by the power allocation

p∗(h) =

{
2R−1
ρ||h||2 if 2R−1

ρ||h||2 < s∗

0 otherwise
(23)



with s∗ = sup{s :
∫∞

2R−1
ρs

2R−1
ρα pdf(α)dα < P}. Note that fors

approaching infinity, the optimal power allocation converges to
the optimal power allocation in the delay-limited capacity case.

In the case in which the antennas are uncorrelated, the pdf of

α = ||h||2 is given byαn−1exp(−α)
Γ(n) and the optimals∗ solves

Pρ

2R − 1
=

Γ(n− 1, 2R−1
ρPs∗ )

Γ(n)
(24)

with the incomplete Gamma-function [1, 6.5.3]Γ(a, z) =∫∞
z

exp(−t)ta−1dt.
In the case where the antennas are correlated and allµk are

disjunct, the pdf ofα is given as

pdf(α) =
n∑

k=1

∏
l 6=k

(1− µl

µk
)−1e

− α
µk

and the optimals∗ solves

P =
n∑

k=1

∏
l 6=k

(1− µl

µk
)−1e

− 2R−1
ρP s∗µk . (25)

Using the representation ofs∗ in (24) and (25), respectively, the
optimal temporal power allocation can be numerically computed
using (23).

C. Incremental diversity
The maximum throughput in (19) was computed for the sim-

plest retransmission scheme, in which the receiver decides each
codeword independently of formerly received codewords. We
assume equal power allocation in the following. If the receiver
combines all replicas of received codewords optimally (maxi-
mal ratio receive combining MRRC), the outage probability in
thes-th retransmission is given by

Pr [outs] = Pr

[
s∑

l=1

n∑
m=1

µmwlm ≤ 2R − 1
ρP

]

= Pr

[
n∑

k=1

µkvk ≤
2R − 1

ρP

]
(26)

with vk as aχ2
2s independent distributed random variable for

1 ≤ k ≤ n. In [5], it was shown that the probability
of the sum of weighted Gamma distributed random variables
Pr [

∑n
k=1 µkvk ≤ t] is Schur-convex inµ = [µ1, ..., µn] if

{µ : min
1≤i≤n

µi ≥
t

ns + 1
}

and it is Schur-concave if

t ≥ (ns + 1)
n∑

k=1

µk.

Using Bayes rule, we obtain for the probability fors-th re-
transmissions the difference between the probability of an out-
age ins− 1 transmissions and the probability of an outage ins

transmissions which is for the completely uncorrelated channel
with β = 2R−1

ρP given by

Pr
[
codewords-times transmitted

]
=

exp(−β)βs−1

Γ(s)
.

The ”Maximum Zero-Outage Throughput” with incremental di-
versity reads then

T IR(ρ, P ) = sup
R

RρP

2R + ρP − 1
.

V. I LLUSTRATIONS
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Figure 1: Informed transmitter: successful transmission rate
over transmission rate for different numbers of receive anten-
nas in comparison to delay-limited capacity (horizontal) at SNR
10 dB.

In figure 1, the successful transmission rateT (ρ, P ) is shown
over transmission rateR. It can be observed that the delay-
limited capacityCd(ρ, P ) is always smaller than the maximum
throughputT (ρ, P ) because of the delay constraint. For small
rates up toCd there does not occur any outage and the curve is
the bisecting line. Then there is a rate range in which outages oc-
cur but the resulting throughput is higher than the delay-limited
capacity. Finally, the outages dominate and the throughput de-
scends to zero as the outage probability tends to one for higher
ratesR.

In figure 1, we observe that the more receive antennas are
used, the higher is the delay-limited capacity and the higher is
the maximum throughput for a SNR of 10 dB.

In figure 2, it can be observed that the impact of correlation
on the maximum throughput is different for small and high SNR
values. For small SNR values, the maximum throughput is in-
creased with correlation while for high SNR values, the maxi-
mum throughput decreases with increasing correlation.
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Figure 2: Informed transmitter: maximum throughput over
transmission rate for spatially correlated receive antennas at
SNR -10 and 10 dB.

VI. CONCLUSIONS AND FUTURE WORK

In this work, we studied first the delay-limited capacity of
spatially correlated multiple antenna systems under long-term
power constraints and additionally under peak-power constraint.
The delay-limited capacity is Schur-concave with respect to the
correlation properties of the channel, i.e. it is highest for com-
pletely uncorrelated antennas. In addition to the delay limited
capacity, the maximum throughput was analyzed which is de-
fined as the maximum of the rate times successful transmission
probability. The uninformed transmitter and the perfectly in-
formed transmitter were studied. The maximum throughput has
no clear behavior with respect to the channel correlation. The
optimal power allocation was derived. The properties of the
maximum throughput compared to the delay-limited capacity
were illustrated by numerical simulations.

The kurtosis depends only on the multiple antenna channel
statistics. Currently, the impact of correlation on the kurtosis

is under investigation. Furthermore, the extension of the result
to the MIMO case is an open problem. The characterization
of the optimal transmit strategy in MIMO system under long-
term power constraint is more involved since the temporal and
spatial waterfilling solution cannot be easily described in closed
form. Furthermore, the channel statistics act on the power allo-
cation through the eigenvalues of the correlated Wishart matri-
ces which have complicated expressions for the pdf [17].
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