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Abstract — Consider transmitting over a channel
We present information theoretic capacity results for in-
formation transfer in space, under the general assumption y(r.) =T (ry) + s(r,) 1)

that the receiver applies a spatial filter to receive signals.

Our work presents novel applications of linear, bounded, in- wherey(r,) € H, with r, € R™ is the receive function,
variant operators to communication channels. We outline x(r;) € H; with r; € R™ is the transmit function ans(r,.) €

the procedure for calculating the information theoretic ca- ., is an additive noise process. The spagfsand H, are
pacity for this restricted class of operator channels and ap- assumed to b¥, dimensional Hilbert spaces, although we eas-

ply this result to wireless information transfer. ily accommodate the case where one or both dimensions is fi-
nite. The functions:(r;), y(r,-) ands(r;) are random processes,
|. INTRODUCTION while the operator is fixed. The functionz(r;) is power lim-

. . ited:
Recently, there has been great interest in the concept of wire- 2 _p 2
less channels, where space is considered as a “continuous” pa- [l3, = (2)

rameter [1-7]. This interest is motivated by an understanding\y,a shall assume that the operafodefines an ergodic chan-

that the capacity of a spatially constrained channel is determinegd fromH, to H,.. T is a fixed bounded, linear operator taking
by the continuous nature of space, rather than the number Offﬂ?fctions in, to functions in, .
-

tenna elements used in a MIMO system [7]. Such results have
been motivated by questions of the fotlmthere a limiting ca- T {o(r,) € Hy v ulr,) € Hy s u(r,) = Do(r)} (3)
pacity, as the elements of a MIMO system become denge?”
has been shown [2, 8] that standard MIMO vector channels [9] gocq) [13], a bounded operatbr: H, — H, may be repre-
are inappropriate in the case where the number of “elemengg’nted by an infinite dimensional ma?r;if
are allowed to increase indefinitely.
The examination of signals which vary over continuous fields [F} 209, 0) (@)
has been examined in detail in the continuous time setting as a iy vilQ,
“waveform channel” [10] and more generally as a “continuous
channel’ [11, sec.24]. These examples represent particular caskere {;},~, and {¥;}’°, are complete, orthonormal se-
of bounded-linear operator channel in additive white Gaussigoences irt, andH, respectively. Whefip; } >, and{d;}°2,
noise. We shall use [12] to provide preliminary steps towattte the left- and right- eigenfunctions (respectively) of tﬁe oper-
answering the following question [1{5iven a volume in space atorT’, thenl is diagonal.
Q,., what is the information rate achievable withidy., subject We shall assume that the spadésandH,. have a common
to power limit and wavefield constraints? dimensiont, such that the random process€s,), y(r,) and
This paper is arranged as follows: In Section Il we examingr,.) are ergodic ovet. We may then consider our input pa-
the underlying properties of bounded-linear operators as corimeterr, (respectivelyr,) as being composed
munication channels, and provide a procedure for calculating
information theoretic capacity results. We then apply this tech- r,={t,y}, teTCR (5)
nigue in two examples. In Section Ill we develop a capacity r,={t,f,}, teTCR (6)
result for information transfer between two concentric bodies, -

abstracting an indoor environment, while in Section IV we iyheret is a dummy variable over which we shall average to pro-
vestigate the capacity for a region of space. Section V dray§ce a capacity resglitwe shall nominally assume thtis an
conclusions. interval T = [0,7] C R and allow the parameterto increase

to infinity. We shall use the symbaolto remind ourselves that
Il. TRANSMITTING BETWEEN SPACES

2We shall use the notatidnto denote an operator, aifitto denote its matrix
INational ICT Australia is funded through the Australian Governmenti®presentation.
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the dimension over which we average must have similar prdp-a complete orthonormal sequenceirthen the isomorphism
erties to that of “time” in the standard continuous channel [1H is given by the construction:
capacity derivation. We may write cf. [10]

p;‘j = <Oéi,9j>[z (11)
Ct = — [sup I(x; 7
R lsup I(z;y) % which allows us to define a Gaussian process in terms of its ef-
q fect on the integral of a function — corresponding to the inner
an ) product in¢? — to give the noise in an arbitrary Hilbert spakie
= HTIﬁIEOO Cr (8)  even though the noise may not be defined in terms of the inner

product inH.

where!(z; y) is the mutual information between inputand out- - method of calculating the capacity is summarized as fol-
put, cf. [10]. We shall also assume that the operat known

at the transmitter and receiver ends of the communication link,
so that the channel remains ergodic. B. Capacity Method

The continuous capacity results féf (R) is extendable to
more general Hilbert space frameworks. In order to apply the 1. Provide a mappin@ : ¢? — H,. to ensure noise ift,. is
results of [10] we need to establish a valid noise model — so  related to (possibly correlated) Gaussian noise.
we may ensure the operator capacity results remain consistent
with finite dimensional vector channels. We note that the op- 2. Writey = I'z + Pz wherez € (>
erator — both noise and channel — acting over arbitrary Hilbert )
spaces, must be related back to a standard reference frame. The Writey = P~y wherey € (2
natural choice of reference frame 4% — so that we may con-
sider an equivalent additive-white-Gaussian operator channe
I': /2 — (2. In sub-section A we provide details of the white
noise equivalent fof? functions. We outline a method for cal-
culating the capacity of the operator channel in sub-section B,
and provide the capacity in Lemma 1.

A. Noise

Although we refer tos(r) as “noise”, we note that(r) is
not a white Gaussian noise process, since such processes are
not strictly contained within an Hilbert Space. Fortunately, the
work of [10] allows us to define white Gaussian noise as a ran-
dom procesgrojectedinto /2. We shall assume that the noise C. Decomposition of Operator
corruptingy is Gaussian in?. This ensures that our capacity In similar manner as for the eigen-decomposition of a matrix
result may rely on the standard Gaussian noise results [10, 1¢hannel, we decompose the operator channel (1) into a set of
parallel, independent additive white Gaussian noise channels.
These channels are given by the eigenfunctions of the operator
which may be found as solutions of:

|4. Find capacity of “operator channel”
g=Tz+z T=P'I':?—¢# (12

(a) decompose the operaﬁ%into parallel, independent
discrete AWGN channels

(b) choose the input to be zero mean, Gaussian ran-
dom variables with variances chosen according to
the water-filling [10] algorithm.

Definition 1 (White Gaussian Noise inf?). White Gaussian
noise, in¢?(€),.) is given by a random procesgr) for r €
Q, C RY, such that for any functiog(r) € ¢%(Q,) the com-

plex scalarz Problem 1. Given an operatoil’ : ¢ = L't find the solutions
Aii {A\1 > A2 -+ - } and function(s})); to:
22 [ LI = (), ©) 2
o A= max [oil]” = max |, (13)
lill=1 lill=1

is a zero mean, Gaussian random variable, with variance

' h that(ts; (r¢), i< (1)) = 0.
E{|Z’?|2}:%/ p)P e =0 (l)? @) AY; (re), Yic;(x1))
Q.

2 The functionsg), (r;) may be considered as the matched-filter

for constantN, independent of(r). cf. [10, egn. 8.1.35] responses fortth_ch_anneI_. From Parseval's theor_er_n_ [13, pp.170]
the value of||¢||” is fixed, independent of the definition of the
If the functionsy;(r) are orthonormal, then we may writeinner product, for alk, dimension, complete separable Hilbert
z = {z;};-, as a vector of i.i.d. Gaussian random variableSpaces. Numerically we may perform (13) by finding the max-
with zero mean and variand¥,/2. Since allX, dimensional imum eigenvalue\;, and associated eigenfunctign, and then
Hilbert spaces are isomorphic46[13, Thm 3.6-5], if we define successively restricting our search space to only functions which
{a;};2, as acomplete orthonormal sequencgfinand{6; };‘;1 are orthogonal t@;, etc.



The field in<2; may be described in terms of a complete or-
thonormal sef4; (r;)}5°, forr, € Q;, Q; = R3x T. Similarly,

in Q,. we may describe the receive field in terms of a (possibly
“ different) complete orthonormal sét;(r,)}2, for r, € Q,,
' Q, = R? x T. Then the channel may be described in terms of a
bounded linear operatdr,

T L3(Q) — L*(Q,) (18)

Figure 1:Transmit and receive regions with dimensions g(ry) = Tf(re) + s(rr) (19)

:/ G(rp,ry) f(ry) dry + s(r,) (20)
Q

Lemma 1 (Capacity of Bounded Linear Invariant Operator).
Consider the operator channgl2), with eigenvalues,;, eigen-
functionsy; (r, t) and input power constraint

whereg(r,.) is the receive signal if2,., f(r;) is the transmit
signal inQ2; ands(r,.) is noise in(2,.. The orthonormal functions
¢i(r,) are given by cf. [14]

(r.) = lim 2 ]n(kr) (9 19) eXp(—Zkt)
¢z( r) Tl_>oo n(k‘,R)l/2 T/2
r., ={r0,9,t},T=[-7/2,7/2] CR 22)

lz|* = P|T| 14)

(21)
The capacity of the chann€l2) is given parametrically by

Cp= T ||T|| Z logy (Ai([|T]) B) (15) where: = /—1, j,(z) is then!" spherical Bessel functién
LES andY,™ (6, 9) is themn, n' spherical Harmonic function, which
is orthonormal on the unit spherel,, (k, R) is a normalizing
HTH—><><> ||T|| Z ( ||T||)> (16) constant, cf. [1], to ensure orthonormality §%.. Using [15,
pp.658, 6.521.1]

andZp is the set of integers associated with the eigenvalyes R

such thatB > )\;, and the parameteB is chosen to maximise J,(k, R) = / 2 [jn(kr)]2 dr =
(15). The capacityC' is achieved by setting; = (z, ¢;) to be 0

zero mean, independent Gaussian random variables with vafie may relate the indicesm andn through the following enu-
ance meration:

E{\xi|2} = max (0,3— ;) (17) i=n(n+1)+m (23)
i The point-source solution to the (source-free) wave equation

at r,, with point-source at;, |r;| > |r,| definesG(r,,r;:),
[1l. EXAMPLE: CONCENTRIC SPHERES cf. [14, pp.9]

. ConS|der.a spherlca}l receiving volurﬂe., of radlusR_wh|ch Glr,,1;) = ZkZJn k\rr|)h(1)(k|rt|) Y5, (24)
is enclosed in a spherical annulQs of radiusT" and thickness
Ar as shown in Figure 1. We shall assume tRas small com-
pared with the transmit radiu®(< 7") and the transmit annuluswhere h(l)(~) is the spherical Hankel functiénof order n

is thin Ay <« T. Figure 1 may be considered as an abstrad5], andk is the wave-number, which we have assumed is a
tion for a small wireless, sensing device inside a large room, wealar: k = 27/\ = 2rf/c. We use the symbo} ",

consider the “transmitter” to be thentire volume of the annu- S > _ . Comparing (24) and (21) suggests the fo||ow-
lus 2; and the “receiver” to be thentire volume of the spheremg orthonormal set foy; (r,):

Q2. We shall not be interested in “antenna elements” rather, the

transmitter chooses continuous functigits,) over the domain ot Y (0,9)h) (kr)

;. These functions produce corresponding continuous receive Vilr) = () [H,(k, T+ AT) — H,(k T)}1/2
functionsg(r,) over the domair2,., nominally via free-space 7 ’

wave propagation. We shall not be interested in polarity or oth&hereH, (k, T') is a normalising factor,

vector field effects in terms of capacity. Clearly, we may impose T 5
“antenna-like” properties on the transmit and receive fields in H,(k,T)= / 2 ’hg)(kr)‘ dr (26)
the same way that we might impose particular coding or mod- 0

ulation properties on a signal: we remove such constraints in*The spherical Bessel functigi (z) is related to th®essel Functionf the
an attempt to obtain insight into the fundamental restrictions et kind throughy,, () = (QLZ)”2 Jnt1/2(2)

information theoretic capaciiyue to free-space wave transmis- 5The spherical Hankel functioh(" (z) is related to théessel Functiomf

sion. the third kind througthn, (2) = (£)"/? H&)W( )

TR?

IE [Jn+1+1/2(Rk)]2

n,1Mm

(25)




oo

By construction, we see thdt);(r;)};-, and {¢;(r,)}o,
are the left- and right- eigenfunctions respectively of Thep-
erator. We may write the eigenvalugsas~!"* with the enumer-
ation (23). The eigenvalues are given by:

IN

[$))
T

2

/ 650, )G(rr,r)n(rs) dredry | (27)
Q. S
= k*J,.(k,R) [H,(k,T + AT) — H,(k,T)]  (28)

w
T

*=

I

n
T

where we note that there will be groups of equal magnitude
eigenvalues, with the magnitudes diminishing for increasing
Given the receive functions, we may project the noise onto
{¢i(r,)};=,. From the orthonormality of the receive basis func-
tions, this projection is a zero-mean scalar random variaple

Capacity approximation

-
T

o
2]
T

o

3 4 5

o
b
n

with varianceE{\ziF} = N0/2. Rm
. Figure 2:CapacityC bit/s/Hz for concentric spherical channel3ak
A. Equivalent parallel channel model 10® Hz, andP = 10dB.

We note that the sefty; }52, is not completever the func-
tions inL?(€);), however, the set is complete over functions with
support in€2;, which have non-zero solutions to (24). As such,

we may expand an arbitrary functiifr,) € L?(,) as: We may show by symmetry that the same result holds if the

role of the inner and outer spheres are reversed — i.e. the trans-
B > B ~ mitter is placed inside the receiver. In Figure 2 we have plotted
flre) = falr) + Z fihi(re) = falre) + f(re)  (29) e upper bound from Theorem 1 with respect to the raftio$

=t the inner sphere.
such that
z P IV. EXAMPLE: INFORMATION CAPACITY FOR REGION OF
Tf =T (f+fa) =T]+0 (30) o
= Z Ai (f(re), di(re)) (31) Our second example is intended as an initial step toward an
i information theoretic capacity for space. We shall consider a

) physical arrangement corresponding to a single-frequénics-
B. Capacity - - _ ceiver, fixed in space. We shall again assume full transmitter
We are now in a position to consider the free-space transjgjoyledge of the channel We wish to determine the information

betweer(); and(,. in terms of an infinite set of parallel, inde-hegretic capacity of such an arrangement. We shall assume that
pendent, AWGN channels. Each chanihkbs a noise variancehe transmitter is power limited

Ny /2 and gain magnitudg\;| given by (28).

Theorem 1. Consider the channgR0), with transmitter shell |F(x)] dx < P ||| (35)
of radiusT" and thickness\T', and receive sphere of radius Q¢
such thatT" > R > AT. The noise variance i&V,/2 and
transmitter is limited to powepP.

The capacity of the channel is given by waterfilling
Lemma 1 — with

We shallnot constrain the “transmit” field to satisfy the wave
equation, so that any valifi*(€2;) function is accepted. We as-
‘Sume that the field has zero power outsitle We note that
for fields resulting from radiating sources, then (35) simply im-

A\ = k\/Jn(k,R) (H,(k,T + AT) — H,,(k,T)] (32) Poses the well knoyvri/D2 patT Ioss” constraint of the fit_eld,
and(2, may be considered as a “large” sphere encompassing the
and using the enumeratid@3). “sources” and the receive regiél).. So that the effective power
limit of Section lll is P - 37T,

We shall allowf2,. and(), to intersect — so that the source field

may overlap the receive region: if the field does not inter€gct

Corollary 1.1 (Capacity bound for concentric shells). The ca-
pacity is bounded from above by

— 2P , 1 i i iver!
C<Ndog(1+ 42— (33) then no information can be p_assed to the receiver! S_ome care
No N must be taken here, since this does not necessarily imply that
2 ) 2P 372AT there are “sources” withimlr, §imply that the energy from the
< 4 (kR)"log { 1+ N, SRR (34) transmitter is detectable withid,..

o We shall assume that the receiver does not use independent
whereN, (54)and .V, (53)are upper and lower bounds (respecsources to measure the field. This is a more general con-
tively) on the number of well connected modes. straint than assuming there are no sources within- a source



free (), satisfies this assumption. We may consider the assurapgument to(2,., such that any solutiog; (r;) must have sup-
tion in terms of the receiver applying a particular matched filtgort within a spheres(€2,.) which encloses?,. We may then

to the received field: the Helmholtz Scalar Wave Projection oppply a Gram-Schmidt orthonormalization on any (spherical-
erator: based) result, for approaches in the case of arbitrary béties

o o see [1,6]. For the following, we shall consider the case where
Definition 2 (Helmholtz Projection Operator Py, cf. [1]). Q. is a sphere of radiug.

Py projects functions with support @, u(r,) € L?*(9,) onto From Section Il we already know the eigenfunction solu-
functhns with support iff2,. which satisfy the Helmholtz Wave;igns to (42) are given by (21). Using a similar argument as
Equation previously, we note that while the “transmit” functigiir,) €
L?(9;) need not satisfy the wave-equation, only those compo-
. nents off (r;) which project onto wave-equation solutions have
non-zero eigenvalues;. Consequently, a transmitter with full
g(rr) = Prf(r:) = Z (), @ilre))q, &(rr) (37) channel knowledge will choose only those functiqf‘(a?t) €
=1 H, C L?(£2,.) which have non-zero projections und@y; (cor-
where {¢;(r,)}32, are a complete orthonormal set, satisfyingesponding to\; > 0). This places our work in close correspon-
(36). dence to [1, Problem 1]. We may write the transmit and receive
functions in terms of (21):

(VZ+kI)g(r,) =0 (36)

This projection operator generates a figld, ) for r,. € Q,

which satisfies (36) which is the closest (in an RMS mean sense) z(ry) = Z bi(re)x; + A (re) (43)
to the actual field withinf2,., [1, 3, 4]. Note that this filter isn- i
formation lossythat is, there are fields withif?,. which cannot _

! " r) — \tr)Yi + r 44
be uniquely determined by examiniggr,.). The operatoy y(rr) Zi:d) (rr)yi + sa(r) “4)

is the spatial equivalent of the (low-pass) linear filter representa-
tion of [10, ch. 8]. We will show shortly that this constraint does = Z ¢i(rr) Niwi + 2i) + sa(ry) (45)
not cause significant problems. We shall also use the following !

Truncation projection operator cf. [1]: where sa(r,) is a noise component orthogonal to ali(r,)

andza(r;) is the component of the transmit function which is
orthogonal to allp;(r,). We use the enumeration of (23) to
map between andm, n for the basis functions. Applying (21)

Definition 3 (Truncation operator Il ). The Truncation op-
erator forces a field to zero, outside a regifin

Hog(r) g(r,) T, €Q 38 to (42) we see that; = 1.
" 0 else Theorem 2. Consider the channgl0) for a spherical receive
region with radiusR, and signal transmit frequency, with
The channel is then given by wavenumbek = 2r f /¢, noise varianceV,, /2 and power limit
P - 47 R3/3 the capacity of the channel is given by Lemma 1,
g(ry) =T f(re) + s(xy) (39) withx, — 1.
= Pullg, g, f(r) 4 s(rr) (40)

The capacity of this channel is bounded by noting that the
For any function f(r;), |lg(r.)||> is maximised when €igenvalues are unity, and the number of parallel channels is

g, I, = Ilq,, ie, whenQ); C §2,.. We may interpret this by bounded by (53) and (54):
noting that there is no benefit in expending energy to genereﬁTe : .

a field (or component of a field) which is outside the region drollary 2.1. The capacityC’ of the channe{40) is bounded
measuremen®,.. We therefore wish to find eigenfunctions to
the operator problem:

P 4 .1 PinR3
C < nlog <1—|— 7rR3>§ 3" loge  (46)

Problem 2 (Eigenfunctions for(2,.). Find ordered solution(s) No

A; and ¢, (ry) to:

V. CONCLUSIONS
N = max | Py Ilo, o, s (re) || (41)
¢ i (re)llg, =1 We have examined an abstraction of standard vector channel
' MIMO results, to incorporate bounded invariant linear opera-
max  ||Pyulla, (x| (42) P P

N i (re)llq, =1 tors acting over isomorphisms 6&f. We have provided capacity
results for such operators.
For an arbitrary receive body,., the solution to Problem 2  The operator framework has been used to provide capacity re-
is intractable analytically. However, we may apply a boundirgyults for otherwise intractable MIMO problems. We have shown



two spatial examples, where we have calculated the fundambaound on the number of well-connected modes:

tal limits to transmission of spatially detectable information be-
tween concentric shells, and found the limits to information ca-

pacity of a spherical region of space. Such results are extendible

analytically to other simple geometries, and numerically to no
trivial geometries.

A. PROOFs

Proof of Lemma 1.The operator channel is bounded, so that

may be written in matrix fornt. Any transmit functionf (r;) €
H, may be written as:

f(re) = fa(ry) + Z fii(ry)

where fa (r;) is orthogonal to allp;. Sincey; are eigenfunc- o
tions, T is diagonal, so every receive functigfr,.) € H, may

be written as

g(rr) = gA(rr) + Z)\zfz‘pz(rT) +0- fA(rr) + Zzz@z(rr) [2]

wherega (r,) is an orthogonal noise component. The channel I
gi = A\ifi + z; are independent (due to the orthogonalityof

and we use the parallel AWGN channel result of [10]. MW
Proof of Corollary 1.1. We note that while there are an infinite 4
number of channels, only a finite sub$ét have non-negligible
gains, ie.|\;| > ¢,i < N,, and|\;| < ¢,i > N,. Our aim is to

estimateN.. From [16]: [5]

J RE)| < (BE)" 2 47
[Toere1/2 )‘_'2”+3/2F(n4k5/2) @0 s
and forkT > 1, andT > AT,
7]

HMkﬂV+ATy—HMthzT§5 (48)

Using (47), (48) and (28): [8l
2
miz _ TR2 (Rk)"+3/2 TAT
<
"= 5 <2n+3/2r(n +5/2)) 4 “9) o

This gives a hard cut-off in eigenvalue magnitudes, althougtu)
the result is difficult to interpret in terms of the original geome-
try. We may apply the following bound, as the operaﬂt’aﬁﬂ2 is [11]

compact, and has norm given by:
[12]

2 m2 . 2l R3AT
n,m [13]
We note for| Rk| > n, andT > AT, and using (48)

(14]

3.0k R) < 2 (51)
T = 9p2 [15]

TRAT

Yo S\ (52) [16]

8k?2
and bothJ, (k, R) and H, (k, R) diminish for largen (with
fixed k, R, AT). Combining (52) with (50), gives a (lower)

8

37 (53)

Ne > N = - (kR)?

From [16] J,.(k, R) is exponentially decreasing fon >
(ekR)?/4,andH,, (k, T + AT)—H, (k,T) is bounded by (48).
This provides us with an upper bound 6h

2

N. < No = - (kR)? (54)
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